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Question 12.3 Let v = v/2 + v/2. Show that Q(v) : Q is normal, with cyclic Galois group. Show
that Q(v,7) = Q(o) where o = 1.

Let v = V2 + /2 where we have that 4% — 492 +2 = 0 = 7 is a root of f(z) = 2* — 42 + 2
which is irreducible by Eisenstein. It is also the case that f(—v) = f(8) = f(—f5) = 0 where

=22
Trivially , 7 € Q( ) and since v2 = /2 + v/2v/2 — /2 where v2 =2 — 2 € Q(7) we have

that 3 = /2 — V2 GQ( ).

Since all the roots of f are in Q(y) we may conclude that Q(v) is a splitting field for f(x) over
the fixed field Q such that it is normal over Q.

This implies that, since the extension is normal that [Q(v) : Q] = |Gal(Q(v)/Q)| =

We have the any automorphism o € Gal(Q(v)/Q) satisfies:

aQ(W):a( 2—\/§>:J<72_2):52ﬁ_2: V2 _ s

o(y 212

o (Varva) = T i\

a< 2+\/§)) 2 -2
(7)o (o) = e

Since o*(y) = v we have that v is an element of order 4 which would imply that Gal(Q(v)/Q)
is cyclic. Where:

[Q(v,7) - Qly
Q] =

Now take ¢* =i then ¢® = —1 so ¢ is a zero of f(z) = 2% + 1 and [Q(¢) : Q] = 8.
Since Q C Q(¢)(7,4) when the extensions have the same degree we have that Q(¢) = Q(¢,1).
Consdier v + i € Q(v,1)

(v + B0 =7 +47°Bi — 69° 5 — 4y 5% + B
= 4V2i(2+ V2 -2+ V2)
— 16

Therefore ¢ € Q(7,17) so Q(¢) C Q(v,7) and so Q(¢) = Q(v,17).



Question 12.4 Find the Galois group of t® — 7 over Q

By Eisenstein t% — 7 is irreducible over Q.
Since t = +/7 we let:

a € {\67?7 C?)aa C??O‘}
B e {=V7,6:,G5}
We know that [Q(«) : Q] = 6 (because « is not a root of the irreducible polynomial of degree

6) and that [Q(«, (3) : Q(«)] = 2 which means that [Q(«) : Q] =2 x 6 = 12.
We create the twelve automorphisms o;; that follow the properties:

O-’L](a) — T € {Oé, C30[7 C§&7 57 C357 Cgﬂ}
0ij(Gs) — = € {G, (3}
We say o7 is the automorphism that takes @« — a and (3 — (3, 091 is the automorphism that

takes @ — (3o and (3 — (3 and so on.
Investigating the order of each o we find that:

|C11| =1 |C12| =2
|Ca1] =3 |Coa| = 2
|G| =2 |G| = 2
|Car| =2 |Caz| = 2
Gs1| =6 G52 = 3
|Ce1] = 2 |Ce2| = 4

Where the only group with elements of these orders is the dihedral group of order 4, Dy.



Question 13.1 (a) Find the Galois group of Q(v/2,v5) : Q

[Q(v/2) : Q] = 2 because /2 has mg(z) = 22 — 2 over Q and [Q(v/5,v?2) : Q(v/2)] = 2 becuse
V5 ¢ Q(v/2) and /5 has m,(z) = 22 — 5 over Q(v/2).

So our Galois group has order 4

o (V2) -2 o (V) =5 o] =1
o (V) - -v2 o (V) — V5 o] = 2
a<ﬂz>) 2 a(\/(5)) — -5 o] =2
o (\ﬂg)) — V2 (\/(5)> —v5 o] =2

Where the only group with four elements satisfying these orders is Zs X Z,.
Question 13.1 (b) Find the Galois group of Q(«) : Q where o = exp(27i/3)

« = (3 which is a solution to 2° — 1. But we know 1 is a root of 23 — 1 so the minimal polynomial
becomes m,(z) = 2% + x + 1. So my(x) has roots (3 and ¢ over Q.
So the Galois group has order 2 and the elements are o1((3) — (3 and 02((3) — (3. This is Z,.

Question 13.1 (c¢) Find the Galois group of K : Q where K is the splitting filed over Q for
t — 3t? + 4.

Let x = t? so we have 22 — 3z + 4 andx—:ﬁr

TV3EV-T
2

so letting o = V3+ ,ﬁ ¥ ﬁwherea-ﬂ:Z
Thus [Q(«) : Q] =4 and Q(«) is a splitting field for our polynomial.

which implies that

t =

o1(a) = o] =1
oa(a) = o] =2
o3(a) = 5 o] =2
oa(a) = o] =4

Where the only group with four elements satisfying these orders is Z,.



Question 13.10 Find the Galois group of ¢® + ¢* + 1 over Q(7).

We have that
S+ttt rl=" -+ D)E+t+ D -t +1)
where t? + ¢t 4 1 has roots %, t2 —t + 1 has roots #, and t* — ¢ + 1 has roots 1/ #ﬁ
The roots of t?4+t+1 and t? —t+1 can be found from #ﬁ Also # are roots of unity equal

2mi 4mi \V1-iv3

to exp(%*) and exp(*3*). The square roots of these are exp(5') and exp(%*). Thus ¥ can be

v 1 Z\/g . . . i i
formed from + which shows that the splitting field is Q (\/ #) and Q (\ / %) ] =4

because mq(t) = t* — t* + 1. Our four automorphisms have the following form:

14+iv3 14+iv3
g1 2 = 2 |0'1’:1
V1+iv3 V1+iv3
g9 T - —T ‘0’2’:2
V1+iV3 1—iV3
o3 5 = 5 log| = 2
V1+iV3 1—iv3
(o) T - —T ‘0’4’:2

Where the only group with four elements satisfying these orders is Zg X Z,.



