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1 Preliminaries

We will be working with power series that have coefficients in @, denoted

Q[ltl) = {Z cit' |e; € Q}.

>0

Let Q[[t]]"*™ be the n x n matrices with entries from Q[[¢]]. Our development will be done in Q[[t]]
but our results will be valid for the more general case (i.e. replacing Q with any ring).

*Adapted from a lecture given by Dr. Eric Schost May 2009.



2 Introduction

Newton Iteration and Hensel lifting are iterative methods for finding a solution, z(t) € QI[t]], to
some equation F'(x(t),t) = 0 where:

1. z(t) is a power series in t, i.e. x(t) = xg + x1t + - -.

2. xg is known.
We would like to adapt this to do:
1. Inverse of power series, i.e. for 1 —t € Q[[t]] calculate

A=ty =14+t+t2+---.

2. Inverse of matrices of power series, i.e. for
L 24t
_ | 1=
T+t 112488

find A~' € Q[[t]]"*™ such that A - A~ =1Id.

3. Power series roots of univariate and multivariate equations, i.e.
) t ot
Yy —1—t:0:>y:1+§—§+~-~

4. “Triangular sets” with power series coefficients.

We will study the development these methods.

3 Power Series Inversion

It is worth noting what constitutes an inverse of an element from Q[[t]]. First year calculus teaches
us that ﬁ =1+t+1t+-- only when |{| < 1 which can lead to some confusion. Reminding
ourselves that the inverse of f (denoted f~!) uniquely satisfies ff~' =1 we see that 1+¢+¢*+---
is indeed the inverse of 1 + ¢. Notice:
1I—t)(1+t+24+-- ) =Q-t)+Q—=t)t+ (1 —-t)t2+---

=1—t+t—t?+2 -2+

=1
We may also ask for the inverse of (1 —t) € Q[[t]] modulo #*. In this case the inverse is 1+t +¢2 +
s thLas:

A=) (A +t+2 4 tE =1t 4t -2 42— =t b tF mod ¢F
=1 mod t*

Our interest is devising algorithms that calculate these types of inverses up to some arbitrary k
(usually a power of 2). In particular we are building an algorithm that has the following specification.

Input A series f(t) = fo+ fit + fot> + - - + fut™ € Q[[t]], fo # 0 (otherwise f(¢) has no inverse).

Ouput z(t) = zo+ z1t + 22t* + - - - + 2,t™ € Q|[[t]] such that z(¢) - f(t) = 1. (Note, we assume that
3f;* so 29 = 1/ fo. This is a special case.)



3.1 By the Naive Algorithm

The basis of a naive algorithm is to extract the coefficients from 2 f = 1 somehow. For a € Q[[t]]
denote '
la); == coeflicient of t' in a

so that [xf]; = >, ;2 fr Asaf =1 we have [vf]; =32, x;fr, = 0 for i >0,
To develop the naive algorithm it is best to just work through an example.

Example 1. At each step we use [z f]; to solve for x; (note: 1/fy = x¢);

. —x
1=1 ZL’ofl + l’lfo =0 = T = fOfl = —X
0
. —Xofot+
1=2 $0f2+l’1f1+l’2f0:0 i@z%
0
. —ZTof3t+T1fat+ 2
=3 Tofs +xifo+zofi +23f0 =0 = I3 = ofs f1f2 2h
0
From Example 1 we see that we can calculate z; by
o xofitmfia o+ wiah
xTr; = s
Jo
enabling us to generate the desired output. As we are not using information from z;_1,...,xq we

do O(i) operations to get x; for a total of O(i?) operations to explicitly build x(¢) to i terms which
is far from ideal.

3.2 By Newton Iteration

We would like to reuse old information to save computation. So now suppose xg,...,%;—1 (i-
coefficients) in x(t) are given so that z(t)f(t) = 1 mod t'. Let

z(t) =x0 + 21t + -+ x4t 4 0z

where 0z = a;t* + a; 11t + - - - are the higher order terms of z(t) whose coefficients are unknown.
We can interpret this as knowing z(#) mod t'. What follows is a method for establishing dx mod #*
thereby allowing us to double the “accuracy” of z(t) (as we would expect from the quadratically
convergent Newton’s method).
Define
Tinit = To + l’lt + -+ l’i_lti_l

so that x = xju; + 0x.
We again build coefficients by extracting them from xf = 1 except now we have:

LL’f =1= (xinit -+ 5m)f =1= Sl?initf + 5mf =1. (1)

where (by our assumption) Zi f = 1+0t+ -+ -+ 01 +# R = 1 mod ¢* for some “remainder” term
R. Multiplying (1) by i, on both sides we get

x?nitf + xinitéxf = Linit (2)
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which allows us to derive an expression for dx as all other values are known.
Rewrite fZine = 1 mod #* as xii f = 1+ t'R for some remainder R and multiply this expression
by dz giving:
Timoxf = 0z + 0xt'R (3)

Recall that 6z = 0 mod ¢* so t'|6x and therefore t*|dzt' R meaning dxt'R = 0 mod t*. So, subbing
(2) into (3) and taking mod t* we get

2 — 2
T f +0x = xppy mod ¢

and solving for dx gives '
02 = Tinyy — 22, f mod t* (4)

which is the update formula we desire.

Example 2. By letting ¢t = p for p some prime we can use this update formula to calculate inverses
modulo p”. If we let p = 3 then we can calculate —1/2 mod (3% = 6561) as follows:

1. 3t =75 =1mod 3

2. 6z = (1—(1)*(1 —3)) mod 32 = 3 which implies 1 + 3 =4 = 5t mod 3?
3. 6z = (4— (4)*(1 — 3)) mod 3* = 36 which implies 4 + 36 = 40 = < mod 3*
4. 6z = (40 — (40)*(1 — 3)) mod 3% = 3240 which implies 40 + 3240 = 3280 = =! mod 3*

where this process could be repeated up to any 32",

To simplify the complexity analysis for this method we will assume that we can multiply poly-
nomials in linear time (which is absurd as the best method is O(nlogn)). Making this assumption
means we will only be off by some log factors which is not a big deal.

Assuming that xy = 1/f; is given it takes one operation to calculate x;, two operations to
calculate xs, x3, four operations to calculate xy, ..., x7, and so on. Generalizing this we find that it
takes O(1 42+ 4 + 8 + - - + 2F) = O(2F+1) = O(2*) operations to calculate O(2F) terms.

Remark 1. An optimization to calculate z2; f can be done. Observe

oS = Timit(Tinie f) = Tinie (1 + 0t + - + 06 + #'R) = Zinge + t' T3t R.
This means (3) can be rewritten as:

dr = —t'ap R mod t%.

and using a trick called “middle product” it is possible to compute only R (see []).



4 Inversion of Matrices in Q|[¢]]"*"
Let F(t) € Q[[t]]"*", e.g. letting n = 2 we have

foo(t)  foa(?) }
F(t) = | ° ,
Q { fro(t) fra(t)
which we can express as a series of matrices (i.e. as an element from Q?*?[[t]]):

F(t) =Fg+Fit +Fyot? 4 - -

where F; € Q**%. What we would like to find is X (t) = Xo+ X t+Xot?+- - - € Q"*"[[t]] = Q[[t]]™*"
such that FX = Id.
To do this:

1. Compute X = Fy* (assume this is possible).

2. Repeat the newton iteration scheme from §3.2 replacing the series f(t), z(t) with the series of
matrices F(t), X(¢). Namely update X = Xj,;; + 0X using

0X = Xinit — XinitF Xinic mod %, (5)
where the products are matrix multiplications.

Remark 2. The development of the above method can be done in the same manner as §3.2. Special
care needs to be taken with regards to commutativity. However, it is true that

FXinit = XinitF = 0 mod ti,

which is easily proved and useful for working out (5).

5 Series Roots of Univariate Polynomials

We now consider univariate polynomials with power series coefficients, i.e. F' € Q[[t]][u] where
Ftu)=u>—1—t—1* 3" —...

Our goal is to compute a point z(t) € Q[[t] such that F(t,z(t))|,_, = 0 (which will just write as
F(0,2) = 0). The point = = 1 satisfies this property for I defined above.

For reasons that will become clear later we require
oF
—(0 0.
O (0.) #

We can interpret this geometrically as helping us avoid double roots (but more to the point we must
eventually divide by this quantity).
For the algorithm assume we know xg, x1, ..., z;_1 such that

F(t,xo+ a1t + -+ xi_lti_l) = 0 mod ¢'.
We want to compute z; such that

F(t,xo+xit + -+ xit") = (0 mod ¢**! (6)



Definition 1 (Taylor formula). For a polynomial P we have

P(A+B)=P(A) + (Z—J:(A)B + B*R (7)

for R some polynomial remainder term.

Applying Taylor’s formula to (6) with A =2y + -+ + x;,_1t"! and B = z;t* we get

F .
0=F(A)+ —g (A)B + B’R mod t'*! ®
u
EFﬁ””“”*“FW4W+%%t%+uu+mqﬁﬂmﬂ+ﬂ% mod #*! ()
u

The coefficient of ¢ in (9) is

[Fuﬂb+x¢+-~+xF¢“Uh+{%guﬂb+-~+xF¢“Hmm]
where
aﬁ—i(t’ To+ -+ xi_lti_l)xiti}i = {g—i(t, xo- -+ xi—1ti_1)} 0 = xig—i(o, 7o)
yielding the update formula
T, = — F(t 2o+ + ziat s mod ¢, (10)

%_5(0,1'0)

To instead lift a solution modulo ' to modulo t* we apply the Taylor’s formula to (9) using
A=z + - —l—l’i_lti_l and B = dx:

. OF .
F(t, To+ -+ l’i_ltl_l) + a—(t, To+ -+ xi_ltl_l)éx + 5(132R (11)
U

Recall that éx = 0 mod ¢* and 6z = 0 mod t* so taking (11) mod #** and solving for z; gives:

F(t,xo+ -+ xiqt"™1)

or = — ,
O (t, o+ -+ + g ti1)

mod %, (12)

If we implement this we will have to:
1. compute F(t,xg + -+ x;_1t'""') mod t*
2. compute g—i(t, o+ + 21t mod t*
3. invert and multiply mod #*.

However, we can reduce the complexity by some constant factors by making the following observa-
tion:



Remark 3. Since F(t, 79+ -+ z;_1t"') = 0 mod ' we may express it as t'R; with R; € Q[[t]][u]
and instead do:
F(t ce i =1 )
_ aF( Lo+t Tig | ) mod %
—(t To+ -+ l’i_ltl_l)
t'R;
oF
‘u

R, .
=t (@ mod tl> .
ou

Therefore we need only calculate 25 (, g + - - 4+ z;_1t""!) mod ¢ (instead of mod %').

Remark 4 (Representation of F)). F is in k[[t]][u] so F' = )", Fu' for F; € E[[t]]. We need a data
structure that can accommodate the evaluation of F' (and it’s derivatives) at some arbitrary point.
A DAG (directed acyclic graph) representation is a good choice. [PICTURE HERE]

mod %

6 Series Roots of Multivariate Polynomials

Let Fi,..., Fx be multivariate polynomials in Q[[t]][u1,...,u,]. Our goal is to solve the system
(Fy,...,F,) by finding 20, ..., 2™ € Q[[t] (z = " + x(l)t +--+) such that
FyaW, .. 2™ )| _ =0
Ep(z®, 2™t ‘t:O =0
We require a point (25, ..., 2") satisfying

F(xél),...,x((]")) fori=1...n

and that,
o .. on
Ouy O,
J:= : i :
OF, .. 0OFy,
Ou un A l(uy,cyun)=(zM) .. z(m)

is invertible mod ¢ (i.e. the Jacobian of F = (F}, ..., F},) evaluated at the initial point is invertible)

Definition 2 (Generalized Taylor Formula). For a multivariate polynomial P we have
ey 1 (n) (n)y — ey B ey (n)\?
P(AD 4 BO  AM L By = p(A +ZaA(B+<B ;10

Now, assume we have a solution for the system modulo ¢. Namely suppose that we are given

2V =g 42t 4 428

2™ = o 4 a4 42



such that '
Fj(zW, .. 2™y =0mod t' for j=1...n

To proceed with Newton iteration to find 6z, ... §z(™ such that
Fj(zW 4 62W . a™ 452y =0forj=1...n

apply Taylor’s formula
F 2
Fi(zM, ... 2 -l ™Y ® 4 (52 5™ =0 13
e ] kza 2, at)ea® 4 (620, st (13)

for j = 1...n and reduce mod t* to get

Fj(x( S Ty, ) Z 8uk . ,:cg”))éx(k) +0=0 mod t* (14)
Sz
OF; OF; ,
= o —L(x W, ’x"n))’“"ﬁu] (x(l),...,xﬁl")) : = 0 mod t*
! " 52

(note 2992 = 0 mod #*). This gives an expression for (13) in matrix form:

S Fy(zW .. ,xS{L’)
J : =— : mod t*
™) Fo(zM, ... ,:E%"))

and solving gives an update formula for the dz(®’s

Sz Fy(zW, .. ,x%"))
: =-J! : mod t* (15)
5z E,(z®, ... zi)

which has nontrivial implementation.

Remark 5. If we are in a lifting loop we reuse old J~!’s to update. Namely suppose that J mod ¢
is known, we compute J~! mod t* by computing J~! mod 2, ¢*, ..., incrementally using lifting.

7 Lifting a Factor of a Univariate Polynomial

Let G(x,t), H(z,t), F(x,t) € Q[[t]][z]. Suppose G(x,t) - H(z,t) = F(x,t) mod t", G, H # 1 we call
G and H the “factors” of F' modulo t"

Example 3. Let

Flz,t)=a*(1+t+2+ 3+ )+ 20351+ 4t +2 4 --+)
+ 2?3434+ ) F2u(LF At ) (2424 )+

then G(z,t) = (2% + 1)(2? + 22 4 2) is a factor of F(x,0).
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Assume a factor Gy = Go + tGy + -+ + 771G of F mod t" is known (we also require that
%—5(:6,0) is invertible modulo G and that deg, Gy < deg, Gy for all & > 0). We wish to find an
update formula for dG so that

F = (Gt + 6G) H. (16)

(i.e., so that G = Gy + 0G is a factor of F' in the base field).
Now to get an update formula for G recall §G' = 0 mod t* and ag—f = 0 mod t'. This allows us

to reduce 50 e
init o init o
5 F = e H(Gipis + 0G)
modulo t*, using
oF 0Gnit  00G OH
o < or %) H (G +06) 50
0Ginit ,,  OF 060G OH
o0 1= Ton T M G005,
to get
8Ginit . 8Ginit oF oH %
O F = < o H) Glnlt — %5G -+ <%6G) Glnlt mod ¢ (].7)
and taking this modulo Gi,;; we get
0Ginit _ oOF

2i
8;[‘ —a—xéG mod <t 7Ginit>

yielding the update formula:
B OGinit oF o

8 Lifting Triangular Sets

Lifting a triangular set can be interpreted as the generalization of lifting a root or factor of a
polynomial.
We wish to devise an algorithm that has the following specification:

Input The system of polynomials Fy, ..., F,, € Q[[t]][z1, ..., ,] and triangular sets T3, . .., T;, with
T; € Qlx;, ..., x,] such that

Fi(zy, ...,zn,t) =0mod (t,T4,...,T),)

Fo(zy, ...,z t) =0mod (t,Ty,...,T,)

and

oF .. OR
ox1 Oxn
OF, . 0OF,
ox1 Ozn

is invertible mod (T} (x1,0),..., T, (x1,...,2,,0)).
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Output The triangular sets

Tn(xla <oy Ty t) = ZEZ" + Tn,d7l—l(I1a vy Ip—1, t)l'g"_l +oF Tn,O(xla sy Tn—1, t)

Tg(l’l, T2, t) = l’gQ + T27d2_1(l’1, t)l’gQ_l + -+ Tg,o(l'l, t)
Tl(l’l, t) = LL’(lil + Tl’dl_l(t)l’clll_l + -+ Tl,o(t)

such that F; = 0 mod (tV,T,...,T}). That is, a “solution” in the sense that:

Y n?

Ty — TN’O(t)
To — Tg’o(t)
r1 — T170(t).
It is almost the case that all roots of {T,..., T} are roots of {Fy, ..., F,,} (almost because we

may lose isolated roots).
Example 4. Let I, I, € Q[[t]|[x1, 22 be given by:

Fy =1+txyzy — 22 — (1 4+ )39 — 1125
F2 =t — (2t — 1)5(71 + (1 + t)l'l{lfg — tl‘%l’g

corresponding to the triangular sets (our input)

Tg(xl,LL’Q,O) =X+ X9 — 1
Tl(l’l,()) = ZL’% + 2:13'1.

or R
Since [ 82 O } invertible mod (Ts(x1,z2,0),7T1(x1,0),t) our algorithm will output:
dzy Oz

To(wy,9,t) = a5+ (1+t+--)zzg+ (1 +t+-- )z — (T+t+--+)
2l 4+ (T+t+- )z,

such that F; = 0 mod (75, T},t").

Theorem 1. Let Fy, ..., F, € Q[[t]][x1,...,x,]. The number of solutions of (F\, ..., F,) is bounded
by [ 1i= deg(F)

Proof. 7 O

Let us now begin to develop the desired algorithm. First recall that F; is required to reduce to
0 mod (T7,...,T,), we claim this is if and only if there exists H;1,..., H;, such that

Fi — HZ'71T1 + te + Hz,nTn

10



(That is, F; is a linear combination of elements in {77,...,7,}.)

We can write the requirement that Fy, ..., F, reduces to 0 mod (773,...,T,) as a matrix expres-
sion:
Fy Hyy -+ Hip Ty
Fn Hn,l Hn,n Tn

(note the H, ;’s aren’t necessarily unique, which is problematic).

Suppose we kKnow (7% init, - - - » Tninit) such that Fi, ..., F, reduces to 0 mod (¢, T init, - - - » Ty init)-
We would like to find 4y, ...,d, (polynomials) such that §; € Q[[t]][x1], d2 € Q[[t]][x1,x2], and so
on, such that

on ., on ory .. or 7t
51 o1 Oxn oy Oxn Fl
_ . i ) i 2%
= : S : .o : mod (¢, T jnit, - - -, Tninit)
n .. 0T OF, .. OFa
5" dx1 Oxn Ox1 Oxn F"

(each one of these steps in non-trivial).
We will omit the proof of this development as it is similar enough to the proof given in §7.
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