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Introduction

Logic

Our axioms for set theory will be expressed in a formal language. Intu-
itively, the symbol 3 means “there exists”, as in our first axiom:

Now we can define what we mean by a formula in our formal language.
Any formula is built up out of our two relation symbols “=" and “€”,
where “€” is intended to mean “is a member of” or “is an element of.”
Likewise, we need variables, such as w, x, y, z, A, B, C, with or without
subscripts. Thus “x € y” means “x is a member of the set y.”

Definition 1.1. For any variables x and y,
1. x =y is a formula,
2. x € y is a formula,

3. If ¢ is a formula and ¢ is a formula, then the following are also
formulas:

@) ¢V,
(b) ¢ Ny,
@ ¢ = ¥,
d) ¢ — ¢

4. If ¥ is a formula, then -9 is a formula.
5. If ¢ is a formula, then Jx(¢) is a formula.
6. If ¥ is a formula, then Vx(¢) is a formula.

7. P is a formula only if i can be obtained from clauses 1 to 6.

1



1.2 Axioms of Set Theory 2

Example 1.2. Each of the following is a formula of set theory:
1. x=zVXxE&Ez,
2. Yw(w € x = —(w €y)),
3. Vz(z e x <= z€y),
4. Jw(w € x) VVz(z € y).

Example 1.3. Each of the following are not formulas of set theory:

3 (=~ y) ez

Axioms of Set Theory

We give a precise statement of each axiom in our formal language, and
then give a rough, intuitive, equivalent in prose (i.e. plain language).
Proofs depend on the formal language, not on the intuitive equivalents.
(We list them here and revisit them individually in the following sec-
tions.)

Axiom 1 (Extensionality). If two sets have the same members, then the
sets are identical.

VaVy[Vz(z € x <= z€y) < x =y

Axiom 2 (Replacement). If the domain of a functional is a set, then its
range is also a set.

6(x,y) is a functional

= VAIBVyly € B <= 3x[x € ANO(x,y)]l.
Axiom 3 (Set Existence). There is at least one set:
JA[A = A].

Axiom 4 (Power Set). For each set A there is a set containing all the
subsets of A.
VAICVx[x e C <= x C A].
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Axiom 5 (Union). If A is a set, then the union of A is a set.
VAJwVzz ew <= TylzeyAye Al
Axiom 6 (Infinity). There is an inductive set. (See §?? for more details.)
JA [A is inductive].

Axiom 7 (Choice). Every set has a choice function. (See §6.1 for more
details.)

Subsets, the Empty Set, No Universal Set

Our first axiom gives us a condition which guarantees that two sets x
and y are identical:

Axiom 1 (Extensionality). If two sets have the same members, then the
sets are identical.

VaVy[Vz(z € x <= z€y) = x=y|.
We next introduce the ideas of a subset and proper subset:
Definition 1.4. A C B states that A “is a subset of” B.
defn.

ACB <= Vz[z€ A = z € B].

Theorem 1.5. The subset operation is reflexive.
ACBABCA < A=B.

Proof.

ACBABCA
< Vz[z€ A = z€B]AVz[z€B = z€ A] Def 14
<= Vz[z€ A = z€BANz€EB = z€ A]
< Vz[z€ A < z € B]

<— A =B. Extensionality
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Theorem 1.6. The subset operation is transitive.
[ACBABC(C] = ACC.

Proof. Let x € A be arbitrary

[ACBABCC(]
— Vx(x€A = x€BAxeB = xe€(C) Def. 14
— Vx(xe A = x€(C) Transitivity
|

Definition 1.7. A C B states that A “is a proper subset” of B.

defn.
ACB <= [ACBA—=(BCA)]

Definition 1.8. Some extra notation for negation:
defn.
1. A#B < - (A=B),

defn.
2. A¢B < - (A€B).

Theorem 1.9. Proper subsets cannot be equal to the subset they are con-

tained in.
ACB < (ACBAA#B).
Proof.
ACB
< ACBA~(BCA) Def. 1.7
<— [ACBA-(ACB)]V[ACBA(BCA)]
<~ ACBA-(ACBABCA)
< ACBA-(A=B) Thm. 1.5
<~ ACBAA#B Def. 1.8.1
|

Exercise 1.10.
(ACB/\BQC — ACC)/\AQBABCC — ACC.

We wish to have a way to express that a formula is true for exactly

one set y:
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Definition 1.11. There exists exactly one y such that ¢(y):

Yy p(y) <= Iy lply) A Vz(p(z) = y=2)]

where z does not occur in ¢(y).

In order to express our next axiom, we need the idea that a formula
¢(x,y) of set theory is a functional.

Definition 1.12 (Functional). ¢(x,y) is functional if an only if

VxVy vz [(¢(x,y) A ¢(x,2)) = y=1z].

4

A functional, like a function, must satisfy the “vertical line test”

f(x) =aand f(y) = a implies x = y.

Axiom 2 (Replacement). If the domain of a functional is a set, then its

range is also a set.

(x,y) is a functional

= VAIBVyly € B <= 3x[x € ANO(x,y)]l.

In order to get started, we need to assume that there is at least one
set, and that is what our next axiom states:

Axiom 3 (Set Existence). There is at least one set:
JA[A = A].

Then we can prove that :

Theorem 1.13. There is exactly one set with no members:

B Vy (y & B)

Proof of Existence. Let 6(x,y) <= L and note that 6 is a functional
because
O(x,y) NO(x,z2) =1L — y==z2

is a tautology. We have A (A = A) by the the Set Existence Axiom and
the Axiom of Replacement implies

dBVy(y € B <= dx(x € AN L))
= IBYy(y€B < 1)
—> IBVy(y € B).
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Proof of Uniqueness. Suppose there are two sets, A # B with no mem-

bers:
Vx(x € ANx ¢ B)ANA#B.

Notice though, that
Vx(x €A < x€B)=Vx(L «— 1)=T.

So by the Axiom of Extensionality we have A = B 4. |

This set B with no members is called the empty set, or the null set,
and is written @.

Distinguish carefully between the empty set @ and ¢ — an arbitrary
formula of set theory.

Definition 1.14 (empty set).

Q:wgVy(ygw)

Theorem 1.15. 1. Vx(x € ©),
2. Vx (& C x), and
3. Vdx(x C @ = x=9).
Proof of 1. Let x = y and B = @ in Definition 1.14. We deduce
P=0 < Vx(x & Q)

= T <= Vx(x ¢ 9) Tautology
= Vx(x ¢ 2).

Proof of 2. Let x be an arbitrary set.

Vz(z€@ = z€x) <— @Cx Def. 1.4
= Vz(L = z€x) < o Cx Thm. 1.15
= Vz(T) < o Cx Tautology
— o C x.
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Proof of 3. Let x be an arbitrary set

xCQ < Vz(z€x = z€ Q) Def. 1.4
— Vz(zex = 1) Thm. 1

(
— Vz(T = —(z€x)) Contrapositive

= Vz(z € x)
== x=0 Def. 1.14

We might think that there is a “universal set” which contains every
set as a member. But we can prove there is no such set of all:

Theorem 1.16 (Russel’s Paradox).
—JAVx (x € A).

Proof. Suppose there is universal set U containing all sets
IUVx (x e U).

Write U with class abstraction by
U={x:x¢&ux}
as Vx (x ¢ x) = T. However this derives contradiction because
Uel < U¢U.

Thus there is no universal set. [ ]

Class Abstraction, or {x : ¢@(x)}

Intuitively, {x : ¢(x)} is intended to be the set of all those sets x such
that ¢(x) is true. But then {x : ¢(x)} could be “too big” to be a set. In
particular, {x : x = x} would be the set of all sets. But we know from
Theorem 1.16 that there is no such set. So when {x : ¢(x)} would be
too big to be a set, we define {x : ¢(x)} to be some fixed set; the only
tixed set so far being the empty set.

Definition 1.17 (Class Abstraction).
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Vix[x ew <= ¢(x)] V (-3FAVx[x € A <= ¢(x)] AN w = D).

(The second condition covers the case of w being empty.)
Theorem 1.18. {z : z € x} = x.

Theorem 1.19.

Vx[xe{z: ¢(2)} = o(x)]
V(m3AVx[x € A <= ()| AN {z: ¢(2)} = 2)

That is to say,
{x:9(@)}}#90 = [xe{z: 9(2)} <= o(¥)].

Proof. Letw = {z : ¢(z)} in Definition 1.17.

{z:9()}={z: 0(z)}
= Vxlxe{z: 9(z)} = o]
V(mJAVx[x € A <= ¢(x)| AN {z : ¢(2)} = 9)

Thus, because {z : ¢(z)} = {z : ¢(z)} = T the result follows. [
Given some predicate ¢(x) we can be sure that
JAx[x € A <= ¢(x)]

provided there is some set C such that {x : ¢(x)} C C.

Theorem 1.20.
ACVz[p(z) = z€(C] = FAVz[z € A <= ¢(2)]

Proof. Bounty. |

From 1.19 and 1.20 if follows (easily) that From 1.19 and 1.20 if fol-

lows (easily) that

Theorem 1.21.
ACVz[p(z) = z€(C] = Vx[xe{z: ¢(2)} <= ¢(x)].

Proof. Bounty. |
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The Power Set Axiom, Unordered

Thus far, our three axioms only guarantee the existence of one set: the
empty set. For it might happen that this was the set given by the Set
Existence Axiom.

So we next introduce an axiom which states that if A is a set then
there is a set P(A) (called the power set of A) containing all the subsets
of A.

Definition 1.22 (Power set). The power set

P(A):={B: BC A}.

An alternate notation of P(A) is 24; hence “power set.”

In order to be sure that the power set of A is not the empty set, we
must introduce the Power Set Axiom:

Axiom 4 (Power Set). For each set A there is a set containing all the
subsets of A.
VAICVx[x e C < x C A].

Then we can prove the following;:

Theorem 1.23. For every set A, z is in the power set of A only when z is
a subset of A:
VAVz[z € P(A) <= z C A]

Proof. Bounty:. |
We next see that the power set operation is monotonic:

Theorem 1.24 (Monotonicity).
ACB = P(A) C P(B).
Proof. Homework. |
Then we obtain the following:
Theorem 1.25. For every set A
1. ¥ € P(A),

2. A€ P(A),
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3. @ # P(A), and
4. z€ P(P(9)) <= [z=0 Vz="P(2)]

Proof of 1. By Theorem 1.23 we have
VAVz[z € P(A) <= z C A]
and since VA (@ C A) by Theorem 1.15 if follows that

GCA = geP(A)

from Theorem 1.23. [ |
Proof of 2.
A=A = ACANACA Thm. 1.5
— ACA
— AecP(A) Thm. 1.23
|

Proof of 3. Towards a contradiction assume JA (& = P(A)) then

JA (@ ="P(A)) Assumption
= JAVx(x € P(A)) Def. 1.14
— JA(@ ¢ P(A))4 Thm. 1.25.1

Thus —~3A (@ = P(A)) = VA (2 # P(A)) and the result follows. [ |

Proof of 4. By Definition 1.22 we have
P(w)={B:BC g}

which means, since Vx (x C @ = x = &) by Theorem 1.14, we have
P(2) = {@}. Thereby

P(P(@)) = P({2}) = {B : BC {o}} Def. 1.22
— B=9oVB={g} Thm. 1.19
= P(P(2)) ={2,{o}} ={2, {P(2)}}

Thusz € {&,P(©)} <= (2= Vz=P()) by Theorem 1.28. [
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Note that we have two distinct sets, @ and P (&), we can use the
Axiom of Replacement to ensure that the concept of unordered pair {x,y}
makes sense:

Definition 1.26 (Unordered Pair).

{xy}={z:z=xVz=y}.

In particular, the Axiom of Replacement is needed to ensure that

{x,y} does not collapse to the empty set:

Theorem 1.27. Vx,y [{x,y} # 2.

Proof.
{xypb=20 = {z:z=xVz=y} =0 Def. 1.26
= -Jdz(z=xVz=y) Thm. 1.19
= Vz(z#xNzH#Y)
= Vz(z #x)
= XF# XY

Theorem 1.28. VxVyVz[z € {x,y} <= (z=xVz=y)].

Proof. Let ¢(z) = (z =x V z=y) so that {x,y} = {z : ¢(z)} and recall
{x,y} # @ by Theorem 1.27.

ze{xy} <= ¢z) <= z=xVz=y. Thm. 1.19
|
The main result about unordered pairs is the following theorem:
Theorem 1.29.
{x,y} ={AB} <= (x=AANy=B)V(x=BAy=A).
Proof. Bounty. u

Thus, in an unordered pair, the elements occur in no particular order:

Exercise 1.30. {x,y} = {y, x}.

If x =y, it will be useful to define {x} to be {x, x} and to call {x} a
singleton.



1.5 The Power Set Axiom, Unordered 12

Definition 1.31 (Singleton).

{x} = {x,x}.
If follows that
Theorem 1.32. {A} = {B} <= A=B.

Proof.

{A} = {B}

< {A,A} ={B,B} Def. 1.31
<~ (A=BANA=B)V(A=BAA=B) Thm. 1.29
<— A=B

In order to have them available for examples, we define the first few

natural numbers.

Definition 1.33 (Natural Numbers).

0:=0
1:=P(2)
2:=P(P(2))

In contrast to the unordered pair {x,y}, the ordered pair (x,y) de-
pends on the x and y being in a particular oder: first z and then the y.
There are many different ways in which we could defined a concept of
ordered pair.

We use a definition invented by the Polish mathematician Kura-
towski in 1921:

Definition 1.34 (Ordered Pair).

(v,y) = {{x}, {xy}}.

The key property of ordered pairs is expressed in the following the-

orem:

Theorem 1.35. (x,y) = (A,B) <= x=AAy=B.
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Lemma 1.36. (x =y) = [(x,y) = (A,B) < (x=A ANy =B)].
Proof. Homework. |
Proof. Assume x # y then
() = (4,B)
—= {{x},{x,y}} ={{A} {A B}} Def. 1.34

— ({x} ={A} A {xy} ={AB})
V ({x} ={A,B} A {x,y} = {A})  Thm.1.29

Dealing with each side of the disjunction individually we have

{x} ={A} A {xy} = {A B}

— x=AN{x,y} ={A B} Thm. 1.32
< x=AN[(x=AANy=B)V(x=BAy=A)] Thm. 1.29
— (x=AANx=AANy=B)V(x=AANx=BAy=A)

< (x=AANy=B)VvV L Assumption
< x=AANy=8B

or

{x} ={A B} AMxy} = {A}
> {x,x} ={A B} N{x,y} ={A A} Def. 1.31
— (x=AANx=B)A(x=AANy=A)

— L. Assumption
Thus we have
x#y = [(x,y) =(AB) < (x=AAy=B)].

Combining this with Lemma 1.36 gives the result. |

Contrast Theorem 1.35 with Theorem 1.29 about unordered pairs.

Intersection, Set Difference, and Union

Most students are familiar with the concept of the intersection A N B of
the sets A and B:
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Definition 1.37 (Intersection).
ANB:={z:z€ ANze€B}.

Theorem 1.38. z€ xNy <= z€xANz€Ey.

Exercise 1.39. Demonstrate the intersection operation is commutative, as-
sociative, and idempotent. Namely:

1. xNy=ynx,
2. (xNy)Nz=xN(yNz),and
3. xMNx = x.

The next theorem states that x Ny is a lower bound for x and y with
respect to C, and 1.41 states that, actually, x Ny is the greatest lower bound
of x and y with respect to C:

Theorem 1.40. (xNy Cx) A (xNy Cy).

Proof.
Vz(zexNy = z€xNzey) Thm. 1.38
= Vz(zexNy = zex)AVz(zexNy = z€y)
= (xNyCx)A(xNyCy) Thm. 1.4
|

Theorem 1.41. zCxAzCy = zCxNy.
Proof.
zCxANzCy
— Vajnez = acx]AValacz = acy| Thm. 14
— Vajucez = (a€xNacy)

— Yala€z = a€xnNy] Thm. 1.38
= zCxNy Thm. 1.4

We next introduce x \ y, the set difference of x with y. Sometimes we
say x \ y as “x set minus y”:

Definition 1.42 (Set Difference).

x\y={z:zexANz&y}.
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Theorem 1.43. z€ x\y <= z€ XAz &Y.

Proof. [ |
Two theorems that will be useful later are the following.

Theorem 1.44. B=A\ (A\B) <= BC A.

Proof of = . Assume B= A\ (A\ B).

xeB = xe€ A\ (A\B) Assumption
— x€AAXZA\B Thm. 1.43
— x€ A

and thus Vx (x € B = x € A) which means B C A by Definition
1.4. |

Proof of <= . Assume B C A.

x€B = x€BAxcB

x€ ANXxEB Assumption
LlVv(xe AANx€EB)
(xeANxgA)V (xe AANx€EB)
xeAN(x¢E AV xeB)

xe AN-(xe ANx ¢ B)

xe ANx & A\B Thm. 1.43
xe A\ (A\B)

R

ThusBC A = (x€B <= x € A\ (A\B)). Or, using Axiom 1 to
write it differently, BC A = B= A\ (A\B). [

Theorem 1.45. (A\B)\C= (A\B)N(A\C).

Proof.
xe (A\B)\C
<— (xeANXx¢ZB)Axg&C Thm. 1.43
— (x€eANXEZB)AN(xe ANx¢CQC)
< x€ A\BAxe€ A\C Thm. 1.43
< x€(A\B)N(A\C) Thm. 1.38.
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Exercise 1.46. x\ (xNy) =x\y=xN(x\y).
Proof.
aex\(xNy) <= acxAN-(aexNacy) Axiom 1

< aexN@agxVady)
< acxNady

Notice that
aExNagy < acx\y

by Theorem 1.43, and

aexNagy < acxN(acxNagy)

<= aexNaex\y Thm. 1.43
< aecxn(x\y). Thm. 1.38
Thus by Axiom 1 we have x \ (xNy) =x\y=xN(x\y). [

So far, we have talked about the intersection of two sets. Now we
introduce the intersection of any set A. If A has infinitely many members,
then we have a new notion that goes beyond the intersection of two (and,
by iteration, of a finite number of) sets; that is, the intersection of finitely

many or infinitely many sets:

Definition 1.47.

NA={z:Vy(ye A = zecy)}.

Now N ¢ would be “too big” to be a set without our convention that
{z : ¢(2)} is @ in that case.

Theorem 1.48. T = &.
Proof. Consider
Ne={z:VWyeco = zcy)} Def. 1.47

={z: V(L = zey)}
={z: T}

= Universal Set = @.
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Theorem 1.49.
A#0 = Vz[ze[|A < Vy(ye A = zey)).
Proof. Assume A # .

ze(JA <= ze{z:W(ye A = zcy)}
— YW(yeA = zcy) Thm. 1.19.

Exercise 1.50. 1. N{x} =x,

2. N{x,y} =xNy, and

3. x#F#NxCy = Ny CNx.

The next two theorems will be applied later:
Theorem 1.51. x€ A — (VA Cx.
Proof. Suppose x € A.

ze(JA = W(ye A = ze€y)
— (xe A = z€x)

= (T = z€x) Assumption

— Z EX.

Thus N A C x by Definition 1.4. |
Theorem 1.52. [C#A#SAVB(BeC = ACB)] = ACNC.
Proof. Homework. |

We now come to |J A, the union of the set A. The union of A is more
general than the union of two sets, since A may be infinite. We will see
later that BU C is a special case of |J A, since BUC = [J{B,C}.

Definition 1.53.

UA:={z:ylzeyryecAl}.

In order to ensure that [J A is not always the empty set, thus allowing
us to build “bigger” sets through unions, we need a new axiom:
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Axiom 5 (Union). If A is a set, then the union of A is a set.
VAJwVzzew < Jy(zeyAyec Al

Theorem 1.54. z€ UA <= Jy[zeyAye Al

We now define “little union”, that is, B U C, the union of the sets B
and C.

Definition 1.55 (Little Union).
BuC:=J{B,C}.

Theorem 1.56. z€ BUC <= (z€BVvze().

Proof.

z€e BUC < ze|J{B C}
<~ Jy(zeyANye{BC}) Thm. 1.54
< (zeyAy=B)V(zeyANy=C)
<~ z€BvzeCl.

|
Theorem 1.57. xUy ={z : z€xVz€€y}.
Proof.
zexUy=J{xy} Def. 1.57
={z:(zeANAc{xy})} Def. 1.53
={z:zeANA=x)V(ze ANA=y)}
={z:zexVzey}.
|

Exercise 1.58. Prove x Uy is commutative, associative, idempotent, and

has @ as its identity element:
1. xUy=yUuUx,
2. (xUy)Uz=xU(yUz),
3. xUx = x, and

4. xUQD = «x.
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Exercise 1.59. Prove
1. xCxUy,
2.y CxUy,
3.xCzAyCz — xUy Cz

So x Uy is an upper bound of x and of y with respect to C. Moreover,
x Uy is the least upper bound of x and y with respect to C.

Exercise 1.60. The following are equivalent:

1. x Cy,
2. xUy =y,
3. xNy =x.
Proof. ]

The various parts of the next theorem are often called De Morgan’s
Laws, after the English mathematician Augustus DeMorgan:

Theorem 1.61 (DeMorgan’s Laws).
1. xN(yUz) = (xNy) U (xNz),
2. xU(yNz) = (xUy) N (xUz),
3. x\(yNz) = (x\y)U(x\z),
4. x\(yUz) = (x\y)N(x\z).

Proof of 1.
aexN(yUz)
< aexNac(yUz) Def. 1.37
< aexN@aeyVacz) Thm. 2?
< (acxNacy)V(@exNacz)
< acxNyVacxNz Def. 1.37
< a€(xNy)U(xNz). Thm. ??



1.6 Intersection, Set Difference, and Union 20

Proof of 3.
aex\(yNz)

< aexN-(aceynz) Thm. 1.43
< aexN-(ac€yNacz) Thm. 1.38
< aexN@ag¢yVagz)
< (@aexNagy)V@exNadgz)
< (aex\y)V(@aex\z) Thm. 1.50
< ae(x\y)U(x\z2). Thm. ??

We end his section with a few additional results on the union of an
arbitrary set A of sets:

Theorem 1.62. 1. o =g,
2. xey = xCUy.
Proof of 1.
xe|Jo <= JA(xeyANAc Q) Thm. 1.60
— 1.
And thus o = @. [ |
Proof of 2. Assume x € y.
aeEx = acxNxey
— Ix(aexNxey)
— acJy Thm. 1.60
Thereby x €y =— x C Uy. [ |
Theorem 1.63. VB[Be C — BC A] — JC C A.
(Compare 1.63 with 1.52 on intersection.)
Exercise 1.64. 1. xC = xNzCyNngz
2 xCyANwCz = xNwCynz,
3. xCy = xUzCyNgz and

4. xCyANwCz — xNwCynz.
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Theorem 1.65. The union operation is monotonic, in contrast with the
intersection operation, which is not.

ACB = |JACJB

Proof. Assume A C B.

xe|JA = Ty(xeynyeA) Thm. 1.54
— Jy(x €y Aye€B) Assumption
— xe|JB. Thm. 1.54

|
The power set operation will also turn out to be monotonic. (See ??.)
Exercise 1.66. Prove or refute that
UJA={JB = A=B.
Answer. Refute. Notice.

U{g}={z:Ix(zexnxe{z})}

={z:zexNx=02}

={z:z€ 2}
={z: 1}
=g

and

Uo={z:F@Ezexrxeco)}
={z:3x(zexANl)}

={z: 1}

Exercise 1.67. Prove or refute

nU4a=Una.
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Answer. Refute. Notice

NU{2 {2}} =N{e} = {a}.

and

UN{e {2}t =Jo =2

Terms and Class Abstraction

At this point it will be helpful to introduce the concept of a “term” and
to extend our class abstraction to allow terms. A term #(x1, x2) is just a
set in which x; and x, occur as free variables. Thus t(x1, x2) might be
x1Uxp or x1 \ X2 or (x1,x2) or {x1,x2} or {(x1,x2),Ux1}, and so on.
The following is a definition schema of class abstraction using terms.

Definition 1.68. Suppose that vy, ..., v,, w are distinct variables and that
t(v1,...,0,) is a term in which no bound variable occurs and the free
variables occurring in ¢(v, ..., v,) are exactly vy, ..., v,, and that w does
not occur in the formula ¢(v,...,v,). Then

{t(v1,...,04) = @(v1,...,01)}
={w : Jvy---Fou(w=t(v1,...,00) A @(v1,...,01)}

For example, we will use class abstraction with such terms in the next
theorem, which states the generalized version of De Morgan’s laws. We
will fix a set C and look at the set {C\ x : x € A}. By 1.68 this set is
{w: Ix[w=c\xAxeA]}

Theorem 1.69. Let A C P(C) and A # @. Then
1. C\UA=N{C\x:xec A},
2. C\NA=U{C\x: xe A},

3. B={C\x:x€ A} = A={C\y:yeB}
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Solution to Exercises
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Relations and Functions

Mathematics makes very extensive use of both relations and functions.
For us, a relation is defined to be any set of ordered pairs, as in the next
definition.

Definition 2.1 (Relation). B is a relation when B is a set of ordered pairs:
Vz(z€ B = Jxdy : z= (x,y)).

Theorem 2.2. & is a relation.

Proof. Let B = & then

Vz(ze@ = IxTy : z=(x,y))

— Vz(L = Ix3Jy:z=(xy)) 1.14
— T.
|
Theorem 2.3. If A C B and B is a relation, then A is a relation.
Proof. Suppose A C B and B is a relation. We have
Vz(z€ A = z € B) 14
= Vz(z€ A = Jx3Jy : z=(x,y)) Ass and 2.1

And thus A is a relation by Definition 2.1. [ |

Theorem 2.4. Let A and B be relations. Then AN B is a relation, A \ B
is a relation, and A U B is a relation.

Proof. Suppose A and B are relations. Recall ANB C Band A\ B C A.
Thereby Theorem 2.3 proves these sets are relations.

24
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For A U B we have

z€ AUB
= z€AVzEB 1.56
= IxJy(z=(xy))VIxIy(z=(xy)) Ass 2.1
= IxJy(z=(v,y))

Thus Vz(z € AUB = dx3Jy : z = (x,y)) and thereby AUB is a
relation by Defintion 2.1. [ |

A key idea connected to relations is that of A x B, the Cartesian prod-
uct of the sets A and B. We will define A x B to be the set of all ordered
pairs (w, z) such that w € A and z € B:

Definition 2.5 (Cartesian Product).
AxB={(ab):ac ANDbec B}.
Theorem 2.6.
zEAXB < 3ICID[Ce ANDeBAz=(C,D)|

Theorem 2.7. (C, D)€ AXxB < C€ AANDEB.
Proof. Let z = (C, D) in Theorem 2.6
(C,D)e AxB

<= dCdD: Ce AANDeBA(C,D)=(C,D) 2.6
<— Ce AANDeB.

|
Theorem 2.8. A x B is a relation.
Proof.
z€ AXB
— 3CID(Ce ANDeBAz=(C,D)) 2.6
= 3C3ID (z = (C,D))
and thus A x B is a relation by Definition 2.1. |

Exercise 2.9. Prove.
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1. AxB=g < (A=2VB=0),

22 BCC = (AXBCAXCABxACCXxA),
3. AXxB=BxA < {A=BVA=0VB=g},
4 (A#@NAXBCAxC) = BCC.

Exercise 2.10. Prove or refute. If you refute an inequality then prove or
refute each of the corresponding inclusions.

1. (AxB)U(CxD)=(AUC)x (BUD),

2. (AxB)N(CxD)=(ANC) x (BND),

3. Ax (B\C) = (AxB)\(AxC),

4 (A\B) x (C\D) = [(AxC)\ (BxC)]\ AxD,

5 (A\B) x (C\D) = (A\C) x (B\D),

6. A#INB#0) = [([ACCAB#@) < AxBCCxD].
Exercise 2.11. Prove.

1. (UB)NA=U{CNA:CeB},

2. (NB)UA=N{CUA : CeB},

3. (UB)UA=U{CUA : CeB},

4. (NB)NnA=N{CNA:CeB}

Domain, Range, Field of a Relation

From now on, we let R, S, and T (with or without subscripts) stand for
relations.

Definition 2.12.
defn.
xRy <= (x,y) € R.

The domain of R, or dom(R), and the range of R, or rng(R), are closely
related to each other, and their union is the field of R, or fld(R).

Definition 2.13 (Domain).

dom(R) := {x : Jy(xRy)}.
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Definition 2.14 (Range).

mg(R) := {y : Ix (xRy)}.
Definition 2.15 (Field).
fld(R) := dom(R) Urng(R).
It follows that.
Theorem 2.16. 1. x € dom(R) <= Jy (xRy),
2. y € rng(R) <= 3x (xRy),
3. z € fld(R) <= Jw (wRz V zRw).
Proof. Exercise. ]
The operations of domain, range, and field are monotonic.
Theorem 2.17. 1. RC S = dom(R) C dom(S),
2. RCS = rng(R) C rng(S),
3. RCS = fld(R) C fld(S).
Proof of 1. Assume R C S.

z € dom(R) = Ty [zRy] 2.15
= 3Jy[(z,y) € R] 2.12
= Jy[(z,y) € 5] Ass
= Jy [zSy]
= z € dom(S). 2.15
Thus dom(R) C dom(S). [

Proof of 2. Assume R C S.

z € rng(R) C rng(S)

— Jx[xRz] 2.15
= dx[(x,z) € R] 2.12
= dx[(x,z) € S] Ass
—> Jx [xSZ] 2.12
= z € rng(9).

Thus dom(R) C dom(S). [ |



2.1 Domain, Range, Field of a Relation

Proof of 3. Exercise.
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We next introduce R|A, the restriction of the relation R to A:

Definition 2.18 (Restriction).

Theorem 2.19

R|A:=RN (A xrng(R)).

. Restriction is monotonic:

1. ACB = R|ACR|B,

2. RCS = R|AC S|A.

Proof of 1. Assume A C B.

z € RIA
—_—
—
—
—

z € RN (A xg(R))

z€ RANIxJy[xe ANy ermg(R) ANz=(x,y)] 26

z€ RANIxJy[x e BAyermg(R) Az=(x,y)] Ass

z € R|B.

Thus R|A C R|B by Theorem 1.4.

Proof of 2. Assume R C S.

z € R|IA
—

—
—
—

—

z € RN A x rng(R)
z € SN A xrng(R)
z€SNze Axrng(R)
zeS$
AJxJy[x€aAyermgR)Az=(xy)]
z€S
AdxJy[x €a Ny ermg(S) ANz =(x,y)]
z € S|A.

Thus R|A C S|A by Theorem 1.4.

Theorem 2.20. R|A is a relation.

Proof.

z € RIA

|
2.18
2.18
|
2.18
Ass
1.38
2.6
Ass, 2?
2.18
|
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— z€ RAz€e Axrng(R) 2.18
— JxJyz=(x,y)] ANz € Axrng(R) 2.1
= dxJyz = (x,y)].
Thus R|A is a relation by Definition 2.1. |

Closely related with the range of a relation R is R[A], the image of A
under R:

Definition 2.21 (Image).
R[A] :=rng(R|A)

Theorem 2.22.
y € R[A] <= 3Jx[x € A A xRy].

Proof. Exercise. |

Theorem 2.23. The operation of image is monotonic.
A CB = R[A] C R[B].

Proof. Assume A C B.

z € R[A]
= Jx[xRz A x € A] 2.22
—> Jx[xRz A x € B] Ass
= z € R[B]. 2.22
Thus R[A] C R[B] by Theorem 1.4. [ |

Theorem 2.24. Image is preserved by union:

1. R[AUB] = R[A]URJ[B],

2. RlUA] = U{R[C] € A},

3. RIANB] C R[A]NR[B],

4 R[A]\R[B] C R[4\ B].
Proof. Exercise. |
Exercise 2.25. Prove or refute

1. R[A]NR[B] C RIANB],
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2. R[A\ B] C R[A]\ R[B].
Theorem 2.26. R =S5 <= VxVy[xRy <= xSy].

Proof of = . Assume R = S.

xRy <= (x,y) €R 2.1
<~ (x,y) €S Ass
< xSy. 21
|
Proof of +—.
VxVy [xRy <= xSy]
= YaxVy[(x,y) € R < (x,y) € S] 2.12
= R=S6. Axiom 1
|

Exercise 2.27. Prove or refute

R=A <= VYxVy|[(x,y) € R < (x,y) € A].

Ll (Converse and Relative Product

We next define R, the converse of the relation R. The converse of a
relation is a generalization of the inverse of a function. To define R, we

use Definition 1.68 with the term #(x, y) equal to the ordered pair (x,y).

Definition 2.28 (Converse).

Theorem 2.29. 1. xRy <= yRx,
2. R is a relation.
Proof. Exercise. |

The relative product of R/ S of the relations R and S is a generalization
of the composition of two functions. Please note that in the relative
product R/S, the slash / is at an angle, not vertical.
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Definition 2.30 (Relative Product).
R/S:={(x,y) : 3z[xRz A zSy|} .

Here Definition 1.68 was used once more with f(x,y) as the ordered

pair (x,y).

Theorem 2.31.
xR/Sy <= 3z[xRz A zSy].

Exercise 2.32. R/S is a relation.
Theorem 2.33. 1. dom(R/S) C dom(R),

2. rng(R/S) C rng(S).

Proof of 1.
x € dom(R/S)
— Jy (xR/Sy) 2.16
= Jy 3z (xRz A zSy) 2.31
= Jz(xRz)
= x € dom(R) 2.16
Thus dom(R/S) € dom(R) by 1.4. [
Proof of 2.
y € rng(R/S)
—> dx (xR/Sy) 2.16
= dxdz (xRz A zSy) 2.31
= Jz (zSy)
= y € rng(S) 2.16
Thus rng(R/S) C rng(S) by 1.4. [

The relative product is associative:
Theorem 2.34. (R/S)/T =R/(S/T).
Proof.

(x,y) € (R/S)/T
<= x(R/S)/Ty 2.12
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<= Jzo (xR/Szp A z9Ty)

Jz93z1 (xRz1 A 21820 A 20Ty)

<~
<= 3Jz1 (xRz1 A 15/ Ty)
<= xR/(S/T)y

< (x,y) € R/(S/T).

Thus (R/S)/T = R/(S/T) by Axiom 1.
Theorem 2.35. R/S =S/R.

Proof.

(x,y) €R/S xR/ Sy
xR/ Sx
3z (yRz A zSx)
3z (xSz A zRy)

(x,y) € S/R

[

By Axiom 1 R/S =S/R.

R

Theorem 2.36. R

Proof.

-
v}

(x,y) € R xRy
yRx

xRy

1ot

(x,y) € R.

Theorem 2.37. 1. dom(R) = rng(R),
2. rng(R) = dom(R).
Proof of 1.
y € dom(R) <= 3Jx (yRx)

<= 3Jx(xRy)
<= y € rng(R).

Thus dom(R) = rng(R) by Axiom 1.

2.31
231
231
231
2.12

212
2.29
2.31
2.31
2.12.

2.12
2.29
2.29
2.12

2.16
2.29
2.16
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Proof of 2.
x € rng(R) <= 3y (yRx) 2.16
<= 3y (xRy) 2.29
<= x € dom(R). 2.16
Thus rng(R) = dom(R) by Axiom 1. [ |

Theorem 2.38. rng(R) = dom(S) = dom(R) = dom(R/S)

Proof. Assume rng(R) = dom(S) which implies
Vz (3x (xRz) <= 3Ty (zSy)).

We have from 2.17 that dom(R/S) C dom(R) so it suffices to show
dom(R) € dom(R/S) to get equality.

x € dom(R)
= Jz(xRz) 2.16
= Jz3dx (xRz)
= 3z 3y (zSy)

Theorem 2.39. rng(R) = dom(S) = rng(S) = rng(R/S)
Proof. [ |

Theorem 2.40.
A Cdom(R) = A C R[R[A]].

Proof. Assume A C dom(R).

xeA = xe€ AANxedom(R) Ass
x € AN 3Jy(xRy) 2.16
Jdy (x € A A xRy)

Jy (y € R[A] A yRx) 2.29,2.22

—
—

= Jy3Ja(a € AN aRy A xRy)

—

— x € R[R[A]]. 2.29
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Omne-to-One Relations and Functions

A relation R may be one-one, written 1-1, even if R is not a function:

Definition 2.41 (1-1). R is 1-1 when
VxVyVz[xRz N\yRz = x =1y].

Theorem 2.42.
(Ris1-1 ASCR) = Sis1-1.

Theorem 2.43. Let R be 1-1 and S be 1-1, then
1. RNSis 1-1,
2. R\ Sis 1-1,
3. R/Sis 1-1,
Theorem 2.44. rng(R) Nrng(S) = & = RUS is 1-1.

Proof. Assume the premise and, towards a contradiction, that RU S is

not 1-1.
3z (xRz AN ySz A x # y) 241
— Jz(z € rng(R) A z € rng(S)) 2.16
= rng(R) Nrng(S) # &4 1.38

Exercise 2.45. Find R and S such that R is 1-1 and S is 1-1 but rng(R) N
rng(S) # @ and RUS is not 1-1.

Answer.  Let R = {(x,z)} and S = {(y,z)}. Notice rng(R) = {z} =
rng(S) so rng(R) # rng(S) but RUS = {(x,y), (y,z)} is not 1-1 because
x #y A xRz A\ yRz. .

Theorem 2.46.
Ris 1-1 <= VA (R[R[A]] C A).

Proof of = . Assume R is 1-1 and let A be arbitrary
z € R[R[A]] = Ty (v € R[A] A yRz) 2.22

= JIxJy(x € A A xRy A zRy) 2.22,2.29
— Jy(z € A A zRy)
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— z € A.
Thus R[R[A]] C A by 1.4. [
Proof of <= . Exercise. |

Theorem 2.47.
Ris 1-1 <= VAVB(R[A]NR[B] C R[ANB]).
Proof of = . Assume R is 1-1 and let A and B be arbitrary.

z € R[A|NR[B]
= Ja(a € ANaRz) AN3b(b € B AbRz) 1.38
—> Jadb(a€ ANaRz ANb € B ADbRz)
aRz N bRz = a = b by assumption
= Ja(a€ ANa€BAaRz)

= da(a € ANB A aRz) 1.38

= z € R[ANB|. 2.22
Thus R[A] N R[B] € R[ANBJ. [ |
Proof of <= . Exercise. |

Theorem 2.48.
A Cdom(R) A Ris1-1 = R[R[A]] = A.
Proof of C. Assume the premise.

z € R[R[A]] = 3y (v € R[A] A yRz) 222
= Jdx3Jy(x € AN xRy A zRy) 222,229
xRy A zRy = x = z by assumption
Jdy (z € A A zRy)
= z € A.

Thus R[R[A]] C A by 1.4. |
Proof of ©. Assume the premise.

z€A = zedom(R)Az€ A
= Jy(xRy Az € A) 2.16
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= Jdx3Jy(x € A A xRy A zRy)

= Jy(y € R[A] A yRz) 2.22,2.29
= z € R[R[A]] 222
Thus A C R[R[A]] by 1.4. [ |

Theorem 2.49.
Ris1-1 = R[ANB] = R[A]|NR[B].

Proof. Assume R is 1-1.

z € RIANB] <= Jy(y € ANB A yRz) 2.22
< dy(ye ANy e BAyRz AyRz) 1.38
<= z € R[A] Nz € R[B] 2.22
& z € R|A]NR[B] 1.38
Thus R[A N B] = R[A] N R[B] by Axiom 1. [ |

Theorem 2.50.
Ris1-1 = R[A]\ R[B] = R[A\ B].

Proof of C. Assume R is 1-1.

z € R[A] \ R[B]

— z € R[A] Az & R[B] 143

—> Ja(a € AANaRz) A —3b(b € B A bRz) 2.22

—> Jda(a € ANaRz) ANVb(b & BV —bRz)

— Ja(a € ANaRz) ANVb(b € B = —bRz)

— Ja(a€ ANa¢g B AaRz)

= da(a € A\ B ANaRz) 1.43

—s z € R[A\ B]. 2.22
Thus R[A] \ R[B] € R[A\ B] by 1.4. m
Proof of ©. Bounty. |

Next we define the usual functional notation y = f(x), but we do

it more generally for any relation R: y = R(x). Notice that whenever
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Jy 3z [xRy A xRz A y # z], then R(x) collapses to the empty set. Like-
wise, if =3y [xRy], then R(x) collapses to the empty set. We need such a
collapse to ensure that R(x) is well-defined for every x.

Definition 2.51.
defn.
y=R(x) <=
(3'z [xRz] A xRy) V (—3z [xRz] Ny = D).

We define a function to be a relation R such that R is 1-1.

Definition 2.52.
. . defn. o |
R is a function <= R is 1-1.

From Definition 2.52 of function, we easily derive the following more
familiar description of what it means to be a function:

Theorem 2.53. R is a function if and only if
VxVyVz (xRy A xRz = y = z).

Proof of = . Let x, y, and z be arbitrary.

xRy A xRz
— yRx A zRx 2.29
— y = Z. ASS, 2.41
|
Proof of <. |

We then prove:

Theorem 2.54. R is a function if and only if
VxVy (xRy = y = R(x)).
Theorem 2.55.
Ris afunction A S C R <= S is a function.

From now on, we let f, ¢, h and F, G, H (with or without subscripts)
stand for functions.

Theorem 2.56. The following are functions
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1. FNG,
2. F\G,
3. F/G,
4. F|A.

Theorem 2.57.
dom(F) Ndom(G) = @ = FUG is a function.
Proof. Assume F U G is not a function. There exists x, y, z such that

y#zANxFUGy A xFU Gz 2.53
— y #z A (xFy V xGy) A (xFz V xGz)
— (y # z A xFy N\ xFz)
V (y # z A xFy A xGz)
V (y #z A xGy A xFz)
V (y #z A xGy A xGz)
— LV (y #z A xFy A xGz)

V(y#zAxGy AxFz)V L 2.53
— (x € dom(F) A x € dom(G))
V (x € dom(G) A x € dom(F)) 2.16
= x € dom(F) Ndom(G)/4 1.38
Thus
—(FUG a function) = —(dom(F) Ndom(G) = @)
and the result follows from the contraposition. |

Theorem 2.58.

o

flANB] = f[A]N fIB].

Proof of C.
z € f[ANB]
— Jy(y € ANB A zfy) 2.22
— Jy(yc ANy € BAzfy) 1.38

— Jy(y€ ANzfy Ay € BAzfy)
— z € fl[A] Az € f[B] 2.22



2.3 One-to-One Relations and Functions

— z € f[A]N f[B].
Thus f[A N B] C f[A] N f[B] by 1.4.

Proof of D.

z € flA]N f[B]

— z € fl[A] Az € f[B]

= o (yo € A Ayofz) A 3y1 (y1 € BAy1fz)
= o 3y1 (Yo € AA Y1 € BAYofz Ayifz)
f is 1-1 by assumption implying yo = y1 = y

— Jy(y € ANB A yfz)
— z € f[ANB]
Thus f[A] N f[B] € f[ANB] by 1.4.
Theorem 2.59.
fIAI\ f[B] = f[A\ B].
Exercise 2.60. Prove or refute

Al =UflA]

flU
fINA=N{fB] : Be A},
flAnB] = flA] N fB],
flA)\ £[B] = f[A\ B],
5. final=n{f1B] : Be a}.
Theorem 2.61.

fIf[B]] € B.
Proof.

z e fIf[B]] = 3y (v € fIB] Ayfz)
= Jy3Ib(be BAbfyAyfz)
= Jy3b(b € BAbfy Azfy)
f is 1-1 implies z = b
= Jy(z € B A zfy)
— z € B.

Thus f[f[B]] C B by 1.4.

39
1.38
|
1.38
2.22
1.38
2.22
|
222
222
2.29
|
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Theorem 2.62.

fIB] ={x: f(x) € BAx € dom(f)}.
Theorem 2.63. If f is 1-1, then f is a 1-1 function.

We will find it useful to have the notation f : A — B when dom(f) =
A and rng(f) C B.

Definition 2.64.

f:A—B gm} [dom(f) = A A rng(f) C B].

Definition 2.65. Suppose that f : A — B.
1. f is said to be surjective, or to be onto B, if rng(f) = B,
2. f is injective if f is 1-1,
3. f is bijective if f is both injective and surjective.
Theorem 2.66. If f : A — B is bijective, then f : B — A is bijective.

Proof. Assume that f : A — B is bijective. We have f is 1-1 by virtue of
the fact f is a function.

zemg(f) < Jy(yfz) 2.16
— Jy(zfy) 2.29
<= z € dom(f) 2.16
— z¢€ A
Thus rng(f) = A and thereby f : B — A is bijective by 2.65. [

The composite function f o g is obtained by applying first the function
g and then the function f. Notice that the order of the functional no-
tation f o g is reversed from that of the relative product g/ f of f and

g
Definition 2.67.
fog=g/f.

Theorem 2.68.

f o g is a function.
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Proof. Suppose, towards a contradiction, that f o g is not 1-1, then there
is x, y, and z

xfogzAyfogzAx#y 241
— xg/fzAyg/fzAx#y 2.67
= xf/GzNyf/3zNx#y 2.35

= Ja(xfanagz) A3b(yfb Abgz) Ax#y
= Ja3b(xfa AyfbAagz Abgz A x#y)
Notice agz A\ bz = a =bas ¢ is 1-1.

— Ja(xfanyfanx#y)

= (x=y) AN (x#Fy)i.

Therefore f 0 ¢is 1-1 = f o ¢ is a function. |

Theorem 2.69.

x €dom(fog) = fog(x)= f(g(x)).

Theorem 2.70. 1. If fis 1-1 and g is 1-1, then f o g is 1-1.

2. If g: A — B is surjective and f : B — C is surjective, then f o g :
A — C is surjective.

3. If g: A — Bis bijective and f : B — C is bijective, then fog: A —
C is bijective.

Proof of 1. Suppose the premise and, towards a contradiction, that 3x3JyJz
such that

xfogz ANyfogzAx#y
= Jadb : (xga ANafz) A (ygb A bfz)
f is injective = a =1b
= da : xga ANafz Nyga N afz
g is injective — x =y

— X=YANXF#Y}
|

Proof of 2. Exercise. |

Proof of 3. By part 1 and 2 we have f o ¢ is injective and surjective (re-
spectively). Thus, by Definition ??, is bijective. |
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We next define the identity relation on A, and write it as Id 4:

Definition 2.71.
Idg :={(a,a) : a € A}.

Theorem 2.72. Let f: A — Band g: B — A.
1. go f =Idy == f is injective,
2. fog=1dgp = f is surjective.

Proof of 1. Suppose ag,a1 € dom(f) and

aofz N\ arfz
= zgao N zgay Lemma
— a9 =m g is a function.

Lemma 2.73. afz = zga.

Notice
a€dom(f)=A = Jberng(f) =B : afb

and
bemg(f) CB = bedom(g) = ' € A : bga.

Thus
a€dom(f) = Ibebda’ € A:afbAbgd
= (a,d') €gof=1da
— a=ad.
Therefore afb — bga. |
Proof of 2. Exericse. |

To conclude this section, we introduce 2 A, the set of all functions f
with f : B — A.

Definition 2.74 (Set of all functions).
BA:={f :domf=BAmgfC A}.

Theorem 2.75.
fePA < (f:B— A).



2.4 Partial Orders and Strict Partial Orders 43

Theorem 2.76.
ACB = “ACCB.

Proof. Assume A C B.
feCAg = domf=CAmgfCA
= domf=CArmgf CB Assumption
— fe€CB.
Thus “B C CA. [ ]
Theorem 2.77. 1. PA = {&},
2. A0 = 4o =0,
3. BA=0 < (A=9 AB+#9).
Proof of 1. f€PA < fCOXA << fCQ < f=0. [

Proof of 2. f € 42 = dom(f) = A # @ A rng(f) = @ and thereby

dom(f) # @ = 3Jx € dom(f)
= dy : xRy
= y emg(f) = J4

Thus Vf (f ¢ 10) = 4o =0 |

Proof of 3. Exercise. |

Partial Orders and Strict Partial Orders

We wish to draw the reader’s attention to the certain particularly useful
kinds of relations. To do so, we first need to introduce various properties
of relations:

Definition 2.78 (Reflexive). R is reflexive when
Vx [x € fld(R) = xRx].
Definition 2.79 (Irreflexive). R is irreflexive when

Vx[x € fld(R) = —(xRx)].
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Definition 2.80 (Transitive). R is transitive when
VxVyVz[(x,y,z € ld(R) A xRy A yRz) = xRz].
Definition 2.81 (Symmetric). R is symmetric when
VxVy[(x,y € fld(R) A xRy) = yRx].
Definition 2.82 (Asymmetric). R is asymmetric when
VaxVy[(x,y € fld(R) A xRy) = —(yRx)].
Definition 2.83 (Antisymmetric). R is antisymmetric when
VxVy[(x,y € ld(R) A xRy A yRx) = x =y]|.

Now we can define “partial order” and “strict partial order”:

Definition 2.84 (Partial Order). R is a partial order when R is antisym-
metric, reflexive, and transitive.

Definition 2.85 (Strict Partial Order). R is a strict partial order when R is
irreflexive and transitive.

Theorem 2.86. R is a strict partial order when R is asymmetric and
transitive.

<. Is trivial as asymmetry implies irreflexivity:
(xRy = —yRx) = (xRx = —xRx) = (—xRx).
|

—> . Assume R is irreflexive and transitive. For any x and y we have

xRy NyRx = xRx =— L.
Thus VxVy (-xRy V —yRx) or equivalently

XRy = —yRx

implying R is asymmetric. [ |

The usual < relation on the real numbers is a partial order, and so is
the usual >. The usual < on the real numbers is a strict partial order,

and so is the usual >.
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We now give examples in terms of C, C, and €.
Definition 2.87. 1. Cxa:={(x,y) : x,y € AANx Cy},

2. Ca={(xy) : x,yec ANxCy},

3. €a={(x,y) : x,ye ANx €y}

Definition 2.88. 1. R is a partial order on A when RN (A x A) is a

partial order,

2. R is a strict partial order on A when RN (A x A) is a strict partial

order.
Theorem 2.8q. 1. C4 is a partial order on A,
2. Cy is a strict partial order on A.

Proof of 1. We need to show C 4 is antisymmetric, reflexive and transi-

tive.
Antisymetric:
XCAaYyANyCuyx —= x,y € AANxCyAyCx — x=y.
Reflexive:
XEANXx=x — XEANXxCx — xCyx.
Transitive:
xCyANyCz = xCz = xCyz
The result follows. [ |
Proof of 2. Exercise. |
Exercise 2.90. 1. C is not a relation,

2. C is not a relation,
3. € is not a relation.

Theorem 2.91. 1. If R is a strict partial order on A, then RUId, is a

partial order on A,

2. If R is a partial order on A, then R \ Id 4 is a strict partial order on
A.
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Proof of 1. By assumption R is irreflexive and transitive. We need to
show RUIdy, is reflexive, transitive, and antisymmetric.
Reflexive:

a€A = (a,a) €ldy = (a,a) € RUId4.
Transitive:

xRUIday A yRUIdaz
= (xRy V xIday) A (yRz V yldsz)
= (xRy A yRz) V (xIday A yldaz)
V (xRy A yldaz) V (xIday A yRz)
= (xRz) V (x =2) Assumption
= xRUIdyz.

Antisymmetric: Towards a contradiction suppose

xRUIday AyRUIdax A x #y
= (xRy A yRx) V (xRy A yld,x)
V (xIday A yRx) V (xIday A yIdax)
= xRy A yRx

= xRx Assumption

|
Proof of 2. Exercise. |

It will be useful to have the concept of “smallest” or “least” element
of a set A in regard to a relation R:

Definition 2.92 (R-smallest). x is an R-smallest element (or R-first element,
or R-least element) of A when

xe ANYy(ye A = (xRy VvV x=y)).

Because ¢ is not a relation, we cannot use € in place of R in Defini-
tion . So we need the following Definition:

Definition 2.93 (€-smallest). x is an €-smallest (or €-least) element of A
if and only if x is an € 4-least element of A.

We need one last property of relations, namely connectedness in order
to define what we mean by an order and a well-order.
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Definition 2.94 (Connected). R is connected when
VxVy[x,y € ld(R) = (xRy VyRx V x =y)].

Definition 2.95 (Order). R is an order (or an ordering) if and only if R is a
partial order and R is connected.

Definition 2.96 (Strict Order). R is a strict order if and only if R is a strict
partial order and R is connected.

Definition 2.97 (Well-order). R is a well-order (or a well-ordering) if and
only if R is a strict order and

VB[B C fld(R) A B # @ = Jx(x is an R-least element ofB)].

Once more, because € is not a relation, we cannot use € in place of
R in Definition 2.97 and 2.98. Se we need the following definition:

Definition 2.98 (¢ Well-orders). € well-orders A when € 4 well-orders A.

We now introduce the natural numbers as sets which are well-ordered
by €.



The Natural Numbers

The natural numbers o, 1, 2, ...are usually axiomized, and character-
ized, by the following five axioms. They are called the Peano Postulates,
after the Italian mathematician Giuseppe Peano who invtented them
about 189o:

P1 0 is a natural number,

P2 the successor of a natural number is a natural number,

P3 if the successor of x equals the successor of y, then x =y,

P4 there is no natural number x such that o is the successor of x,

P5 if o has the property ¢ and, for any natural number x, if x has ¢,
then the successor of x has 1, then every natural number has 1.

Since set theory is the foundation for mathematics, we wish to con-
struct a set, to be called w or omega (the last letter in the Greek alphabet),
that satisfies the Peano Postulates.

Definition 3.1 (Sucessor). suc(A) is the successor of the set A when
suc(A) :=AU{A}.

Definition 3.2 (Inductive). A is inductive when it contains the empty set
and is closed under the operation of successor:

deANYy(ye A = suc(y) € A).

We are now in a position to define the concept of natural number.

Definition 3.3 (Natural Number). Let w denote the set of natural num-
bers, then
w = {x : VB(Bis inductive = x € B)}.

48
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Definition 3.4. Let the following serve a short-hands for natural num-

bers:
0=g9
1 = suc(0)
2 =suc(1)

From now on, we let k, m, n (with and without subscripts) stand for
natural numbers.

Let us now show that our natural numbers satisfy the Peano Postu-
lates.

Theorem 3.5 (P1). ois a natural number.
0 €w.

Proof. By definition every inductive set contains the empty set &. Thus,
also by definition, @ = 0 is a natural number. [ |

Theorem 3.6 (P2). If x is a natural number then its successor is a natural
number
X € w = suc(x) € w.

Proof. If x is a natural number this means x € A for every inductive set
A. By definition then, suc(x) € A for every inductive set A. u

We defer P3 until later and turn to considering P4:
Theorem 3.7 (P4). There is no natural number x such that 0 = suc(x).

Proof. Suppose towards a contradiction that 3x : 0 = suc(x). Then

0=suc(x) = @=xU{x}
= x ¢ xU{x}
= XF#X.}

On the basis of our axioms thus far, there might not exist any induc-
tive set. In that case, every set would be a natural number, and P5 would
be false for natural numbers. So our next step is to assume the existence

of an inductive set:
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Axiom 6 (Infinity). 3A (A is inductive).

This assumption is called the Axiom of Infinity because it gives us a
set A that will turn out to be infinite. Using only the axioms assumed
before A6, we cannot prove that there exists an infinite set. Of course,
we have not yet defined precisely what we mean by an infinite (or a
finite) set, but we will do so soon.

Definition 3.8.
w:={x:x€w}.
Our next goal is to prove that w, or “omega”, is not the empty set.

Theorem 3.9.
xXcw <= xcNN.

We now show w satisfies Ps.

Theorem 3.10. Let B C w then
0eBAVYn(neB = suc(n) € B)] = B=w.

Theorem 3.11 (The Principle of Mathematical Induction). Let ¢(x) be

any formula of set theory, then

[p(0) AR (p(n) = (suc(n)))] = Vn[gp(n)].

Our next development is oriented toward showing that w satisfies
P3:

Definition 3.12 (&-transitive). B is €-transitive when
Vx(x € B = x C B).

Theorem 3.13. Vn € w; n is €-transitive.

Proof. Let ¢(x) <= «x is €-transitive.

Base:
P(0) < 0is e-transitive

— Yx(xe@ = xC0)
— Vx(L = xC Q)
— T.

Induction hypothesis: Assume 7 is &-transitive.
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Notice x € suc(n) — x € nU{n} = x €nV x =nand
xen = xCnandx =n = x C nU{n}. Thus, by the principle
of mathematical induction the result follows. [ |

Theorem 3.14. Vn € w; n & n.

Theorem 3.15.
Vn[BCnAB#@ = Jx(xisan €-least element of B)].
Proof. Let ®(B,x) <= x is the €p-least element of B and
Y(n) <= Vn(BCn AB#@ = IxP(B,x)).

Base:
P(0) <= n(BC P AB# 0 — IxP(B,x))
< Vn(L = JxP(B,x))

— T.

Induction hypothesis: Assume ¢(n) = T.

Notice

B Csuc(n) = BCnU{n}
= Va(aeB = aenVaec{n})
= VYa(aeB = a€nVa=n).

However, n ¢ n by Theorem 3.14 so —=(a €A a = n). Thus B C n or
(exclusively) B = {n}.
When B C n we have
p(n) = [BCnAB#@ = 3xP(B,x)]

and when B = {n} we have

PB,x) <= xc{n}ANVy(ye{n} = xecpyVvax=y)
<~ ne€gnvVn=mn

— T.

Thus ¢(n) = (suc(n)) and the result follows from the principle of
mathematical induction. [ |
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Theorem 3.16 (w satisfies P3).

suc(m) = suc(n) = m =n.
Proof. Assume suc(m) = suc(n), then

(a € suc(m) <= a € suc(n))

< (@aemU{m} < aenU{n})

< (aemVa=m < aenVa=n)

< (aem <= aen)V(@aem < a=n)
Via=m < aen)V(a=m < a=n)
(m=n)V (m={n})V n={m})V (m=n).

!

Note

m={n} = suc({n}) = suc(n)

n={m} = suc({m}) = suc(m)

both contradict our assumption.
Thus we can conclude

suc(m) =suc(n) = m=n

and the result follows by the principle of mathematical induction. |

Theorem 3.17.
n =0V Im{n=suc(m)}.

Proof. Let ¢p(n) <= n =0V Im{n =suc(m)}.

Base:
P(0) <= 0=0V Im{n=suc(m)} < T.

Induction hypothesis: Assume ¢(n) = T.

P(n) 2 I {n =suc(m) Vv n =0}
= Jm {suc(n) = suc(suc(m))}
= Im’' {m’' = suc(m) A suc(n) = suc(m’)}

= P(suc(n)).

Thus, by the principle of mathematical induction, the result follows. ™|
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Theorem 3.18. 1. Every member of a natural number is a natural
number,

2. w is &-transitive.
Definition 3.19. 1. m<n < meEn,
2. m<n << (m<nVm=n).
Theorem 3.20. 0 < n.

Proof. Towards a contradiction

Mm(0>n) = Imned) = Innev)i.

|
Theorem 3.21. m < n = suc(m) < n.
Proof. Assume m < n and, towards a contradiction, that n < suc(m).
m<nAn<suc(m)
= méEnAn € suc(m)
= menAnemU{m}
= menAN(nemVn=m)
= (menAnem)V (menAn=m).
Breaking the disjunction into two cases:
menAnem
— mCnAnCmAneEm e-transitivity
— n=mAnecm
— nemy
andmenAn=m — n€njy. [ |

Theorem 3.22. m<nVm=nVn<m.
Theorem 3.23. € well-orders n.

Theorem 3.24.
dn[p(n)] = TIm[m is the €-least natural number k such that ¢(k)].

Theorem 3.25. € well-orders w.

Next we give an extremely important theorem, the Recursion Theorem
for natural numbers, which justifies definition by recursion:
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Recursion
Theorem 3.26 (Recursion Theorem, first form). Let H be a function.
Then there is a unique function F such that

1. dom(F) = w, and

2. Vn[F(n) = H(F|n)].

Theorem 3.27 (Recursion Theorem, second form). Leta € A and G :
A X w — A. Then there is a unique function / : w — A such that

1. h(0) =a,
2. Vn [h(suc(n) = G(h(n),n)].

Our first application of the Recursion Theorem is to show that the
Peano Postulates P1-P5 characterize the natural numbers as given by
the structure (w, suc|w, o). To do so, we first need to define the concept
of ordered triple, then the type of the structure (w, suc |w, 0), and then
the concept of isomorphism.

Definition 3.28. (A, B,C) := (A, (B,QC)).

Definition 3.29. (A, f, a) has the structural type of (w, suc|w, 0) if a €
Aand f: A = A.

Definition 3.30. (A4, f, a) and (B, g, b) are isomorphic when
1. (A, f, a) and (B, g, b) have the structural type of (w, suc|w, D),
2. there is a bijection H : A — B such that H(a) = b, and

3. Vx € A[H(f(x)) = g(H(x))].

Theorem 3.31 (Isomorphism Theorem for w). If (A, f, a) has the struc-
tural type of (w, suc |w, 0) and (A, f, a) satisfies P1-Ps5, then (w, suc |w,
0) is isomorphic to (A, f, a).

We now use the Recursion Theorem to define addition, multiplica-
tion, and exponentiation on natural numbers:
Addition

Definition 3.32 (Addition). For each m, let A = w and let a = m and let
G : w X w — w be such that G(n, k) = suc(n) for all n and k. Define F,
to be the unique function F given by . Define, for each m and #,

m—+n := Fy(n).
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Theorem 3.33. Vm [m + 0] = m.

Proof. There 3hy, : hy(0) = m A hy,(suc(n)) = suc(h(n)). By definition
we have
m—+0=h,,(0) =m.

Theorem 3.34. Vm Vn (m + suc(n) = suc(m + n)).

Proof. Let m be arbitrary and
P(n) < (m+suc(n) = suc(m+n))

further let h,, be the unique function such that m +n = hy,(n).
Base:

m + suc(0) = hy, (suc(0)) = suc(hy,(0)) = suc(m) = suc(m +0)

Induction hypothesis: m + suc(n) = suc(m + n).

Now we need show m + suc(suc(m)) = suc(m + suc(n)). So, by
induction hypothesis,

suc(m + suc(n))
= suc(suc(m + n))
= suc(suc(hy(n))
= suc( m(suc(n)))
= hy, (suc(suc(n)))
= m + suc(suc(n))

The result follows from the principle of mathematical induction. [ ]

3.1.2  Multiplication

Definition 3.35 (Multiplication). For each m, let A = w and leta = 0
and let G : w X w — w be such that G(n, k) = n+ m for all n and all
k. Define F, to be the unique function F then given by 3.32. Define, for
each m and n,

m-n:= Fy(n).

Theorem 3.36. Vm [m -0 = 0]
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Proof. Let h,; be the unique function such that /,5(0) = 0 and m - n =
h$(n), then by definition

m-0=h,(0)=0.

Theorem 3.37. YmVn [m-suc(n) = m-n+ mj.

Exponentiation

Definition 3.38 (Exponentiation). For each m, let A = w and leta =1
and let G : w X w be such that G(n, k) = n-m for all n and all k.
Define F,, to be the unique function F then determined by 3.32. Define
m" = F,,(n) for each m and n.

Theorem 3.39. VYm [m® = 1].

Proof. Let hj, be the unique function satisfying m" = hJ,(n), then by
definition

Theorem 3.40. Vm Vn [ms%() = m" . m].
Exercise 3.41. Prove
1. YmVn[m+n=n+m,
2. VmVnVk[(m+n)+k=m+ (n+k),
3. VmVnlm-n=n-m,
4. Vm¥nVk[(m-n)-k=m-(n-k)],

5. Vm ¥n Yk [(m™)k = m™*].

The Set of Integers

We wish to define a set which we can use as the integers (at this point
we only have natural numbers). First, we define what will serve as the
negative integers.

Definition 3.42 (Negative Integer).

Vnin#0 = —n= (0, n)].
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Definition 3.43 (Negative Integers).
Z ={-n:new\{0}}.

Theorem 3.44. wNZ~ = O.
Proof. Towards a contradiction assumea € w NZ~.
acwnNZ-
== acwNhac”Z
= JdealhNacsZ”
= Jb:a=(0,b) N@ € (0,D)
= @< {{0},{0,b}}
— o={0}Vva=1{00b}

Definition 3.45 (Integers).
Z:=wUZ".

This set Z will be the integers for us. We wish to extend the relation
<, defined on w at 3.19, to all of Z. To avoid confusion here, we rename
the < defined at 3.19, as <.

Definition 3.46.
<z =< U{(-m, —n) :nem}uU{(—m, n) : m#0}.

Theorem 3.47.
1. <o N{(—m, —n) :nem} =g,
2. <o N{(=m,m):m#0} =0,
3. {(—m, —n) :nem}n{(—m, n) : m#0} =@.
Proof of 1. Towards a contradiction assume a €<, N{(—m, —n) : n € m}.
dm,n : (m,n)=(—m,—n) Am<n
— dmn:-m=-mAn=-nAm<n
= dm,n:m=(0,m)An=(0,n)Am<n

= @€ (0,m)
— @={0}vo={0,m}}
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|
Proof of 2. [ |
Proof of 3. [ |

Homomorphisms of Relations

We next wish to investigate functions f : A — B, where A = fld(R)
and B = fld(S), that are “structure-preserving”. Such functions are called
“homomorphisms”:

Definition 3.48. Let f : A — B and A = fld(R) and B = fld(S).
1. fis a homomorphism <= VxVy (xRy <= f(x)Sf(y)),

2. f is an embedding of R into S (or: of A into B) <= fis1-1 A f
is a homomorphism,

3. f is an isomorphism <= f is bijective A\ f is a homomorphism,
4. f is an automorphism <= f is an isomorphism A A = B.

Assume that we have extended our addition + from w to our integers
Z. Then do the following exercise:

Exercise 3.49. Find all the:
1. automorphisms of <,
2. automorphisms of <z,
3. embeddings of <, in <z,
4. embeddings of <z in <,
5. embeddings of <, in <,
6. embeddings of <z in <z.
Answer.
1. The only automorphism is the identity.

2. All linear shifts f(n) — n + m for fixem m.
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Theorem 3.50. <z is a strict order and is not a well-ordering.
To develop further our ideas about Z, we need some new definitions:

Definition 3.51 (R-predecessor). x is an R-predecessor of y if and only if

xRy N x # y.

Definition 3.52 (R-immediate predecessor). x is an R-immediate predeces-
sor of y if and only if

1. x is an R-predecessor of y, and
2. Vz[xRz = (z is not an R-predecessor of y) V x = 2]

Definition 3.53 (R-successor). y is an R-successor of x if and only if
x is an R-predecessor of y.

Definition 3.54 (R-immediate successor). y is an R-immediate successor of
x if and only if

x is an R-immediate predecessor of y.

Theorem 3.55.
1. Every member of w has <,-immediate successor,
2. every member of w \ {0} has an <,-immediate predecessor,

3. every member of Z has <z-immediate predecessor and an <gz-

immediate successor.

Proof of 1. suc(m) is the <,-immediate successor of n <= n is the

< w-immediate predecessor of suc(n).

Notice 7 is the <,,-predecessor of suc(n),

n <, suc(n) A n # suc(n)
< n <, suc(n)
< nCnU{n}
— T.

and

n <@l AL <y,suc(n)
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= nelANlenU{n}
— mMCOHANM{LCnVL=n)

= {=n.

Finite and Infinite Sets

We next wish to introduce the idea that two sets A and B have the same
cardinal number or are equipotent.

Definition 3.56.
A=¢B <= (dom(f) = A Arng(f) =B A f is injective)

Now A = B is read “A is equipotent to B under f”. We will write
A =~ B, to be read “A is equipotent to B”.

Definition 3.57. A~ B <= 3f [A =~ B|.

The next theorem is an easy consequence of these two definitions:
Theorem 3.58.

1. A~ A,

2. A B — B=A,

3. Ax BABxC = A=C(,

4. (A=fBACCA) = C=f[C].

Proof of 1. Let f = Ida. Then dom(f) = A A rng(f) = A A f injective.
Thus A =~ A. |

Proof of 2. A~ B = 3f : dom(f) = A A rng(f) = B A f injective.
Note we have (by definition) that f is injective because f is a function
and f is a function because f is injective. |

Proofof 3. A~ BANB~C = df,¢g: A=fBA B =g C where
f:A — Band g: B — C are injective. Notice gof : A — Cand go f
injective and thus A =¢.s C =— A~ C. |

Proof of 4. Assume A ~¢ B and C C A. This means

dom(f) = A Arng(f) = B A f injective A C C A.
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Letg: C — f[C] = {c : Ix(xfc)} be given by
g={(c,b) : c€ CAcfb}.
Thus dom(g) = C A rng(g) = f[C] A g injective which means C ~,
fIC] = C~= f[C]. [
Unfortunately, ~ is too big to be a relation:

Theorem 3.59. &~ is not a relation.

Sketch of Proof. We have VA (A = A) so
{(A,A) : Aaset} C~.

This means ~ contains the universal set and thus is not a set. [ |

We next define A < B, read “A is less than or equipotent to B”:
Definition 3.60. A < B <= IC[A~CACCB].

The next theorem gives some easy consequences of this definition:
Theorem 3.61.

1. AB — A<B,
2. ACB — A<B,

3. A< A,

4 AXBAB=<C = A<C.

Proof of 1. A B = 3C=B: A=CANCCB = A<B. |
Proofof2. ACB = A~ ANACB = A<XB. [ |
Proofof3. AR ANACA —= A< A [ |
Proof of 4.

A<BAB=<C

— 3Dy,Dy : A~ Dy ADyCBAB~D;y ADy CC

= 3Dy, D1,f,§ : AxfDyADyCBABrgD; AD  CC
Note: f[A] C B A g[B] CC = g¢|[f[A]] CC.

— Ao glfIA AgIfIA]l € C

— AC.
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Now we define A < B, read “A is less potent than B”"
Definition 3.62. A< B <= [ABA- (B A)].

Here are some easy consequences:
Theorem 3.63.

1. (A< A),

2. (A<BAB=<C) = A=<C,

3. (A<B) = —~(B<A),

4. (A<BAB=<C) = A<C.
Proofof 1. A< A <= ASAN-(AA) < L. [
Proof of 2.

A<BANB=<C

<A)AB=<CA-(C<B)
JA-(CXBAB=<A)

Exercise 3.64. dom(f) ~ f.

Answer. Let ¢ : dom(f) — f be given by

g ={(a f(a)) : a € dom(f)}
then 3g : dom(g) = dom(f) A rng(g) = f A g injective — dom(f) ~
f = dom(f) = f. .
We can now define what we mean by a set being “finite” or “infinite.”
Definition 3.65.
1. Ais finite <= Jn[A = n|,
2. Aisinfinite <= - (A is finite).

Now we give some simple theorems about finite and infinite sets:
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Theorem 3.66. A is infinite = Vn (n < A).

Proof. Assume A infinite and proceed with the PMI, letting

Pp(n) <= n<xA.

Base: §(0) «<—= O <A <= JOCA: O~rQ < T.
Induction hypothesis: n < A.

Weyp(n) = JA CA:nr A = JA'3If: A’QA/\nzfA’
which decomposes into two cases

1. A=A = n~ A =— Ais finite. 5
2. AACA = daec A\A.
Consider g = f U {(n,a)} — this is a function satisfying

dom(g) = dom(f) U{n} =nU{n} =suc(n),
m(g) = A'U{a} C A,

and g injective (not proved but trivial).

Thus n =y A'U{a} = n< A.ByPMIVn; n < A. [ ]
Theorem 3.67. Vm (m is finite)
Proof. m~m = m<m = Im(m < m) = m is finite. [ |
Theorem 3.68. (A is finite A A =~ B) = B is finite.
Proof. In(A~n N A=~ B) = 3n(B~mn) = B is finite. [ |
Theorem 3.69. A is finite = AU {y} is finite.

Proof. In (A ~n) = In3f (A ~fn) where dom(f) = A A rng(g) =
nU{n} A f injective. This means

Jdg (dom(g) = AU{y} Arng(g) =nU{n} A f injective)

where ¢ = fU {y,suc(n)}. Thus AU {y} ~, suc(n) = AU{y}
finite. |

Theorem 3.70. A Cn = A is finite.
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Proof. Let A be arbitrary and
P(n) < (ACn = Ais finite).

Base: ¥(0) <— (A C @ = Ais finite) < & is finite <= T.
Induction hypothesis: A Cn — A is finite.

Suppose A C suc(n) = nU {n}. Noticce A C n = A is finite by
induction hypothesis so suppose A Z n.

AZn = neAsolet A~ = A\ {n}. A is finite by the induction
hypothesis because A? C n. This means A~ U {n} is finite by Theorem
??2. Thus A is finite. |

Theorem 3.71. (A is finite A BC A) = A is finite.

Proof. Ais finite A\BC A = dn(A~nABCA) = 3f (dom(f)
A Nrtng(f) =n A f injective).

Consider ¢ : B — f[B] where B C A A f[B] C n, it follows that
f[B] € n = f[B] is finite by Theorem 3.35. Letting m ~ f[B], this
means ¢ = f N B x rng(f) is a function satisfying

dom(g) = B A rng(g) ~ m A g injective

which implies B ~; m = B~ m = B is finite. |
Theorem 3.72. (A is finite A B A) = B is finite

Proof. We have A is finite =— In : Axnand B A — JA'CA:
B ~ A’. Thus there is injective f and g such that

1. dom(f) = A A rng(f) = n, and
2. dom(g) = B Arng(g) = A’ C A.

It follows
fog:B—n'Cn

is injective and thus

dm : Brn' An'~m = B~m = B is finite.

Theorem 3.73. (A is infinite A A C B) = B is infinite.

Theorem 3.74. (A is infinite A A < B) = B is infinite.
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Theorem 3.75. A is finite = A\ B is finite.
Theorem 3.76. (A is finite V B is finite) = A N B is finite.

Proof. Without loss of generality assume A is finite, then we have, for
any B
(ANBC A) A Ais finite = AN B is finite.

Theorem 3.77. (A is finite A B is finite) = A U B is finite.

Theorem 3.78.
(Cis finite A Vc[c € C = Cis finite]) = | JC is finite.

Theorem 3.79. A~ A x {y}.

Theorem 3.80. (A is finite A B is finite) = A x B is finite.

Dedekind.

Theorem 3.81 (Dedekind-infinite). A is a Dedekind-infinite (or D-infinite)
when there is some function f : A — A which is an injection but not a
surjection:

A is D-infinite <= 3f : A — A (f injective A f not surjective)
Moreover, A is Dedekind-finite (or D-finite) when A is not D-infinite.

Theorem 3.82. Vn (n is D-finite)

Proof. Towards a contradiction assume dJn is D-infinite. This implies
df :n —n' : f injective An' Cn.
Note:
e dom(f) =n = rng(f) = n, and
e fafunction = f is injective.

and thus f : n’ — n is a bijection.

Consider g : n — n a bijection given by (g o f)(n) = n, namely

g= {(f(m),m) : medom(f)}u{(m,n) : men\dom(f)}.
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Leth = go f and thus

h=1d:n —n

= h:ld:n—n

— h[n] Cn'
= nCn. 4

Theorem 3.83. A is finite = A is D-finite.

Proof. Towards a contradiction suppose A is finite A A is D-infinite. We
have 9m : A = m A A is D-finite = m is D-infinite. 4. [ |

Theorem 3.84. A is D-infinite = A is infinite.
Theorem 3.85. w is D-infinite.

Proof. Let f : w — w be given by f = {(n,suc(n)) : n € w}. Clearly
@ ¢ rng(f) and f-injective. Thus w is D-infinite by definition. |

Theorem 3.86. m < n = —(m =~ n).
Theorem 3.87. m~n — m = n.

Theorem 3.88 (Dirichlet’s Pigeonhole Principle). If m < nand f : n —
m, then for some k < m and some nq,n, < n, we have n; # np and

flm) = f(n2) = k:
(m<nAf:n—m =
dk,ny,np(k<mAn <nAnyg<nA f(ny) = f(na) =k.)

Theorem 3.89. There is no surjective function f : n — suc(n):
—3f :n — suc(n) A f surjective.

Proof. Let ¢p(n) <= —3f :n — suc(n) A f surjective.
Base: dom(f) = @ = rng(f) = @ # suc(@). Thus ¢(0).
Induction Hypothesis: Suppose —=3f : n — suc(n) A f surjective.

Towards a contradiction let f be a surjective function on suc(n) x
suc(suc(n)). There are two cases:

f(suc(n)) = suc(suc(n))
= f = f'U{(suc(n),suc(suc(n))}
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= f':n — suc(n) A f' surjective
This contradicts ¥(n). 4

f(suc(n)) # suc(suc(n))
= Ja,b : f = f'U{(a,suc(suc(n))), (suc(n),b)}
= f'U{(a,b)} :n — suc(n) A f' surjective

This also contradicts ¢(n). 4. [ |

Theorem 3.90. If f : A — A and A is finite, then f is injective iff and

only if f is surjective.
(f: A— AN Aisfinite) = (f is injective <= f is surjective).

Proof of = . Assume A finite and f : A — A and towards a contradic-
tion suppose f is injective and not surjective. By definition A is D-infinite
and therefore P-infinite. 4. [ |

Proof of <= . Let
P(n) <= A=~n AVf(f surjective = f injective)

and proceed with induction.
Base: The only function on @ x & is both injective and surjective. Thereby

¥(0).
Induction hypothesis: A ~ n A Vf (f surjective = f injective).

Towards a contradiction assume
A ~suc(n) A f surjective A f not injective.

which implies 3a # b : f(a) = f(b).
Consider ¢ : A\ {b} — A given by

g = fIAN{b} = {(a, f(a)) : a € A\{D}}.
This function g defines a surjective function satisfying
g: A\ {b} ~n — A~ suc(n)
which itself gives another surjective function

¢ :n— suc(n)



3.4 Finite and Infinite Sets 68

contradicting Theorem 3.89. [ |
Theorem 3.91. A is finite = P(A) is finite.
Theorem 3.92. (A is finite A B is finite) = B A is finite.

Proof. A, B is finite = B x A is finite by 3.80 and thus P(B x A) is
finite by 3.91. Notice f e A = f:B—+ A = fCBxA = f¢
P(B x A) and thereby BA C P(B x A) is finite. [

Theorem 3.93. A is finite = f[A] is finite.
Theorem 3.94. A is D-infinite <—= w < A.

Proof of = . Assume A is D-infinite. We have then,
3f (f : A — A injective and not onto)

which means 32 € A : a & rng(f).

By Recursion Theorem, second form, there is unique h : w — A
satisfying

Thus we have shown there is a function h : w — A; it remains to show

h is injective.
Claim. h is injective.

Let y(n) <= h(n] = n.
Base: (0) <= h[@|r O <— T~ Q.

Towards a contradiction suppose it is not the case that h[suc(n)] ~
suc(n) then thereis ¢,m : £ < m A h({) = h(m). Let ¢ = suc(k) and
m = suc(p) and notice

h(€) = h(suc(k)) = f(h(k)) and  h(m) = h(suc(p)) = f(h(p)).

so f(h(k)) = f(h(p)) = h(k) = h(p) because f is injective.

We have 0 < k < p < suc(n) because h(0) = a ¢ rng(f) and p,
k < suc(n). It follows that there is an injection h : w — A. This
contradicts the induction hypothesis ¢(1) and proves # is injective.

It follows that there is injective h : w -+ A = w < A. [ |
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<= . Assume w < A (and show A is D-infinite).
Letw <A = Jf : wxyBABC A A f bijectivel Define

g(x){x xe€ A\B
flsue(f(x))) x€B

Then g is injective since f is a bijection. But g is not surjective because
—3x € B : suc(f(x)) = 0. Thereby f(0) ¢ rng(g) with f(0) € B. The
result follows. |

Theorem 3.95. (A is D-infinite A A < B) = B is D-infinite.

Proof. By 3.36, 3.61, 3.94, respectively, w < A, wB, and B is D-finite. ™
Theorem 3.96. (A is D-finite A B A) = B is D-finite.

Proof. Assume B is B is D-infinite, by 3.95 A is D-infinite. 4 [ ]

It would be natural, at this point, to prove that a set A is infinite
if and only if A is Dedekind-infinite. But to show that if A is infinite,
then A is Dedekind-infinite requires a new Axiom, the Axiom of Choice,

to which we return later.

Theorem 3.97. A is infinite = P(P(A)) is D-infinite.

Partial Orders and Upper Bounds

We introduce some terminology that will be useful for us, both for deal-
ing with natural numbers and more generally:

Definition 3.98 (Supremum and Infimum). Let R be a partial order or a
strict partial order. Let B # @.

R-upper bound of B

z € UBR(B) <= Vy(y € B = (yRz Vy=2)).

R-supremum (or equivalently R-least upper bound) of B

x =supg(B) <= x € UuBr(B) A (y € uBg(B) = xRy V x =1y)

R-greatest (or equivalently R-largest or R-last) element of B

x =maxg(B) <= x€BAVy(y e B = [yRx Vy=1x]).
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R-lower bound of B

x € LBR(B) <= x € LBy(B)

R-infimum (or equivalently R-greatest lower bound) of B

x =infg(B) <= x = supy(B)

Theorem 3.99. Let R be a partial or a strict partial order.
x = maxg(B) = x = supy(B)
Proof.

x =maxg(B) = x€BA(z€B = z<x)
— x€UBR(B) A (z€ B = z<x)
—> x = supg(B).
|

Theorem 3.100. Let B C w and B # &. B has an <,-upper bound if and
only if B is finite.

— . Assume B C w A B # & A Im € UB<y(B).

keB —= k<,mVk=m
— kemVk=m

= k € suc(m)
Thereby B C suc(m) == B is finite by 3.70. [
<= . By the PMI with
Y(n) < (Bx~n — Im € us.,(B)).

For the base notice ¢(0) < (B~ 0 — Im € us.(B) <— T).

Letx € B = 3dm € uB.(n) by ¢(n). Thus max(x,m) € U (B)
|

Theorem 3.101. Let B C w and B # &. B has no <,-upper bound if
and only if B ~ w. That is,

UB.,(B) =0 <= B~ w.
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= . Assume B ~ w and, towards a contradiction, 3k € uB._(B).

(yeB = (y<wkVy=h)
— (ye€B = yeckVvy=k)
= B C kU {k} = suc(k)
=—> B s finite A B =~ w/

<= . Assume BC w A B# @ A UB.,(B) = 2.
For R C w x w let

H(R) = {maX<w(B\rng(R)) if B\ rng(R) # @

Recursion Theorem First Form gives unique / : w — B such that
h(n) = H(h[n]) = min<, (B \ hfn).

B is infinite by ?? and h[n]| is finite = B\ h[n| # @.
Towards a contradiction assume /h is not onto. This implies B\
rng(h) # @ so let

m = min<_(B\ rng(h)), and

n=minc (n : m < h(n)).

We have k < n = —(m < h(k)) = h(k) <mV m = h(k) =
h(k) <mv L = m = h(k).
So we have
minc, (B \ rg(h[n])) = m = h(n)
which gives h(n) = m A m < h(n) 4 Thus h(n) is onto.
It is left as an exercise to show h is injective.

We conclude that % is an bijection from «w — B which means w =~ B as
desired. m

From 3.100 and 3.101, if follows immediately that

Theorem 3.102. BC w = (B is finite V B = w).
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Countable Sets

The simplest infinite set, in a certain sense, is w, the set of all natural
numbers. We call a set “denumerable” if it is equipotent to w.

Definition 3.103. A is denumerable <—= A ~ w.

Closely related to the idea of being denumerable are the two ideas

of being “countable and “uncountable.”

Definition 3.104 (Countable). C is countable when
C is finite V C is denumerable

and uncountable otherwise.
Theorem 3.105. A is finite <= A < w.

— . Aisfinite = 3dn : A = n. Since n < w this implies A < w.
Suppose w <X A = w is finite by 3.72 4.

Thus ~(w < A) = A< w. [ |

. Assume A <w = A<w = IBCw: A~ B. By3.102, B
finite or B ~ w.

If B finite there is nothing to prove so suppose B ~ w:
Br~wNANAxB — wr A = w<=<A.
However, by assumption, A < w = —=(w < A) 4.
Thus B-finite — A finite. [ |

We would like to use this theorem, and 3.103 to show that A is count-
able if and only if A < w. One direction is easy to prove:

Theorem 3.106. A is countable — A < w.

Proof. A is countable = A is finite V A is denumerable — dn ¢
w:AxnNVArw — ImCw:AxnViwCw: Arxw —
A<w. [ ]

But the other direction involves a difficulty: One step requires that,
from A < w and w < A we show A =~ w. But similar problems will

arise elsewhere, and so we wish to prove that

A<XBANB<A — A=B.
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This is known as the Cantor-Berstein Theorem, and we now prepare to
prove it.

A very useful tool in proving the Cantor-Bernstein Theorem is what
is called the Fixed-Point Theorem for Monotonic Functions. We first need a

couple of definitions:
Definition 3.107 (Fixed Point).
y is a fixed point of f <= y = f(y).

Definition 3.108 (Monotonic). Let F : P(A) — P(A). Then F is mono-
tonic if and only if

VXCAVYYCA(XCY = F(X)CF(Y)).
Theorem 3.109 (Fixed-Point Theorem on Monotonic Functions).
F:P(A) — P(A) is monotonic = Jx (x is a fixed point of F).
Proof by magic. Let E={B C A : B C F(B)} so that
1. xeE JE = dyeE:xcy,
2. yCUE = F(y) CF(UE),
3. y€ E = y C F(y).

Thereby

(xeyAy S F(y) ANFy) CF(UE)) = x€ F(UE)

andx € UE = x e F(JUE)) = UE C F(UE).

Notice

JEC F(UE)
— F(JE) C F(F(JE))
— F(|JE) €E
— F(JE) C|JE

and thereby F(UE) € UE AN UE C F(UE) = FWUE) =UE =
U E is a fixed point of F. |

We then prove a special case of Cantor-Bernstein Theorem:

Theorem 3.110. (CCBABCAANA~C) = (A= B).
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Theorem 3.111 (Cantor-Bernstein).

A<XBAB<XA = A=B.
Proof. Notice, by definition,
< B = df: A — B injective
<A = dg:B — Ainjective .
and let

D :P(A) = P(A)

x = g[B\ flA\A]].
Claim. & is monotonic.
Notice
xCy = A\yCA\x

= flA\Y] € flA\«]
= 8B\ flA\]] Cg[B\ fA\y]]

so we have x C y = ®(x) C P(y) and thereby @ is monotonic
= Jx: O(x)=x.0
Notice

A=xU(A\x)
B=(B\flA\x])UflA\ ]

We can use g to “induce a bijection” by defining a function from g onto

mg(g).
g (B\ fl[A\x]) = g[B\ fIA\ X]] = @(x) = x.

This function g’ is a bijection because it is both injective and surjective.

The same can be done with f:

fliA\x— flA\ ]

Where f injective = f’ bijective as above.
Thus we have

¢ B\ fl[A\x] = x
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¢ x— B\ f[A\¥]
flA\x — fl[A\ ]

sof'Ug : A\xU{x} — B\ B\ f[A\x]U f[A\ x]. Since f" and g’ are bijective
on disjoint sets f' U ¢’ is also a bijection (prove it!). In particular

wy — &) yex
v {f(X) ygx

Thus we have a bijection 1 : wA — B giving A = B. |
Theorem 3.112. A is countable <— A < w.

Theorem 3.113.
(A is countable A B C A) = B is countable.

Theorem 3.114.
{0} xw)U ({1} X w) = w.

Theorem 3.115.
(A is countable A B is countable) = A U B is countable.

Theorem 3.116. Z is denumerable.
Theorem 3.117. w X w is denumerable
Theorem 3.118. A is countable = " A is countable.

We now wish to consider seq(A), the set of all finite sequences on a
set A:

Definition 3.119 (Sequence).
seq(A) :=|J"A : n e w.
Theorem 3.120. A is countable = seq(A) is countable.

We would like to prove at this point that the union of a countable set
of countable sets is countable. But the proof of this theorem requires the
Axiom of Choice, to which we later return.

Uncountable Sets

Our first task is to show that there exists an uncountable set:
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Theorem 3.121. “2 is uncountable.

This set “2 is closely connected with an idea useful in analysis and
in computer science, the “characteristic function” of a set y with respect
to a set A.

Theorem 3.122 (Characteristic Function). Let A # @ and y C A. Then
Xﬁ : A — {0,1} is the unique function such that Xﬁ(z) =1lisz €y, and
x;'(z) = 0if z ¢ y. Then function x; is called the characteristic function
of y with respect to A.

If A is clear from context, we write x, instead.

Theorem 3.123. 42 ~ P(A).
Theorem 3.124 (Cantor’s Theorem). A < P(A).
Theorem 3.125. =3A (P(A) = w).

Theorem 3.126.
(A is uncountable A A C B) = B is uncountable.
Theorem 3.127.

(2< AAw=B) = BAisuncountable.



Cardinal Numbers

Before proceeding further, we wish to introduce the idea of cardinal num-
ber. So far, we have introduced the idea of A ~ B, that is, of the sets A
and B being equipotent, which many authors write as “having the same

cardinal number”.

We wish to introduce what we call the Cardinal Axiom.

Axiom 7 (Cardinal Axiom). For every A there is a set |A|, called the
cardinal number of A, and for every B and C, |B| = |C| if and only if
B~ C.

Once we have introduced the Axiom of Choice, we will be able to
prove this cardinal axiom from it. So the Cardinal Axiom is only a tem-
porary assumption, but a useful one.

In particular, we require |A| to satisfy the following definition.

Definition 4.1.
1. Vn € w; |n| =n,
2. lw| =w,
3. 29 =|“2|.

Notice only condition (3) defines something new, namely 2%, and
when we introduce cardinal exponentiation, we will have to check that
condition (3) is satisfied.

The be sure that conditions (1), (2), and (3) cause no problems, we
need the following (easy) theorem:

Theorem 4.2.
1. mMRN = Mm=rn,

2. =(n =~ w),

77
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3. 7(n = Y2) A~ (w=“2)
Proof of 1. By the Cardinal Axiom and Definition 4.1.1 we have

m~n = |m|=|n| = m=n.

|
Proof of 2. By the Cardinal Axiom and Definition 4.1.2 we have
nrEw = |n|=w = n=w./
|
Proof of 3. Exercise. |

Cardinal Arithmetic

From now on, we let x, A, and u (kappa, lambda, and mu), with or
without subscripts, stand for cardinal numbers.

We wish to define addition on cardinal numbers. To do so, we need
the following preliminary theorem:

Theorem 4.3.
1. VkVAJAIB : k =|A|AA=|B|ANANB =g,
2. VkVAIu3IAIB : k= |A|ANA=|BINANB=2 Au=|AUB|.

Proof of 1. By the Cardinal axiom there is A" and B’ such that x = |A’
and A = |B/|. Let A = A’ x {0} and B = B’ x {1} so that clearly
ANB =@. Since A’ = A and B’ ~ B the result follows. [

Definition 4.4. k + A is the unique u given by Theorem 4.3.2.
Theorem 4.5.

1. K+A=A+kK,

2. k+(A+pu)=(K+A)+pu

3. k+0=x.

Proof. By the cardinal axiom there is A, B, C suchthat ANB=ANC =
BNC=gand k = |A|, A = |B|, and p = |C|.

1.k+7=|A|+|B| = |AUB| = [BUA| = |B| + |4] = A +~.
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2.k+(A+u)=|A|+(|B|+|C|]) = |A|+|BUC| =|AU(BUC)| =
[(AUB)UC| = (k+A)+|C| = (k+ A) + .

3.k+0=|A|+ |9 = |AUZ| = |A| =«. [
Theorem 4.6.

1. Ais D-infinite = n+ |A| = |A],

2. wtw=uw.

Proof of 1. Without loss of generality assume n N A = @. As n+ |A| =
|n| +|A| = |n U A] it suffices to show n U A = A.

For fixed A, let y(n) <= nU A ~ A and notice
P(0) <— GUARA < A~ A < T.
Suppose P(n) and note A is D-infinite. This means we have

fiA—=A f injective not surjective,

g:nUA—= A g bijective,
and Ja € A\ rng(f). Consider h : nU A — A given by
h=fogU{({n},a)}.

It is easily shown } is injective and thus n U {n} U A = suc(n) U A
As clearly A < nU A we have by Cantor-Bernstein that suc(n) U A

N

A.
A.
The result follows from the PMI. [ |
Proofof 2. w+w = |w|+ |w| = |w x {0} |+ |w x {1}| = |w x {0} U

w x {1} |. Then it suffices to show that w x {0} Uw x {1} ~ w. This
follows from ?? but one could also prove

h:wx{0}Uwx{l} 2w
(x,y) —2x+y

is a bijection. [}

When we consider m + n, we might mean m + n as defined on natural
numbers at 3.32, or we might mean m + n as the sum of two cardinals as
defined at 4.4. So whenever we mean m + n as the sum of two cardinals,
we will write m +. n with a subscript c on the plus sign.

However, our next theorem shows that, for m and n, these two defi-
nitions of addition agree:
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Theorem 4.7. m +.n =m+ n.
Proof. Notice:
m+c.n=m-++n

= mx{0}uUnx{1}|=|m+n|
— mx{0}Unx {1} =m+n.

So we proceed by proving, using the PMI, that
P(n) <= mx{0}Unx1~m+n.
The base case is valid because

P0) <= mx{0}ua x {1} ~m+0
< mx{0}~m

— T.
and, assuming (1), we have

mx{0}Unx {1} ~m+n
= mx{0tunx{1}U{({n}, 1)} ~m+nU{m+n}
= m x {0} Usuc(n) x 1 ~ suc(m + n)
= m x {0} Usuc(n) x 1 ~ m + suc(n).
The result follows. |

We now introduce cardinal multiplication, after first showing the
preliminary theorem needed to justify the definition of cardinal multi-
plication:

Theorem 4.8. Vk VAI!u3A3IB : k = |A| ANA = |B| Au=]AxB].
Definition 4.9. kA is the unique u given by 4.8. We also write « - A.
Theorem 4.10.

1. KA = Ak,

2. k(Ap) = (kA)p,

3. k(A +u) = kA + Ky,

4. k-1=x.



4.1 Cardinal Arithmetic 81

Proof. By the cardinal axiom there is A, B, C suchthat ANB=ANC =
BNC=@and k = |A|, A = |B|, and p = |C|.

1. kA = |A x B| = |B x A| = Ax.

2. k(Au) = |A|-|IBxC|=]|Ax (BxC)|=|(AxB)xC|=|AxB|-
ICl = (7 )u.

3. k(A+u) = |A]-|BUC| = |[AXx (BUC)| = |[AXxBUAXC| =
|A X B| + |A x C| = kA + kpu.

4. k- 1=x-[{@}| = |x x{@}| = |x| = «. [ |

Theorem 4.11. w-w = w.

Proof. Notice w x w & w = |w X w| = |w| = w-w = w so we
need only prove w X w =~ w.

It is obvious w < w X w so let us show w X w < w. To that end

consider

h:wXxw—w

(n,m) — p"q"™.

This is an injection (requires the Fundamental Theorem of Algebra) and
thus w X w < w. [ ]

As with addition, we multiply m and 1, we may mean mn as defined
by recursion on natural numbers at 3.35, or we may mean m - n as the
product of two cardinals defined at 4.9. In the latter case, we write m -, n
with a subscript ¢ (for cardinal) on the multiplication sing.

We now show that these two definitions of multiplication agree on
m and n:

Theorem g.12. m -, n = mn.
Proof. Let
P(n) <= m-cn=mn

clearly ¢(0) <= m-.0=n0 <= 0=0 <= T. Moreover

m-csuc(n) = |m x suc(n)|
=|mxnUmx{n}|
=m-n+m-1
=m-n—+m

= mn+m by (n).
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and therefore (suc(n)). The result follows from the PMI. [ |

Finally, we introduce exponentiation or cardinal numbers, after the

usual preliminary theorem:
Theorem 4.13. Ve VA IA3IB : k= |A| A A = |B| A= |PA|

Definition 4.14. k" is the unique u given by 4.13, with the proviso that
u=2%ifx=2and A = w.
(This last proviso is inserted because 4.1.3.)

Theorem 4.15.

1. k0=1,
2. kl =k,
3. 1 =1

Proof. By the cardinal axiom there is A such that x = |A|.
1. k0 = [2A| = [ {2} | = |suc(2)| = 1.
2.kt = @A = {214 = |A] =«
3. 1% = [4suc(0)] = [{@}] = [{(a,{@}) : a € A}| =1

As with addition and multiplication, we need to distinguish between
m", the exponentiation on natural numbers, defined at 3.38, and (m"),,
the exponentiation on natural numbers defined at 4.14. We now show
that these two definitions of exponentiation agree for m and n:

Theorem 4.16. (m"), = m™.

Proof. Let
Pp(n) <= (m").=m"

and note ¥(0) <= (M%), =m’ <= 1=1 < T.
Now consider (note, we take for granted suc(n)yy =1 1y x 11} 111 as this
is a special case of 4.17)

<msuc(n))c — |suc(n)m’

= |"m x "} m|
= ["m| - [ m]
= ["m|-m|

=m"m
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n+1

The result follows from PMI. [ |

The next three theorems are needed to prove general laws on cardinal

exponentiation.

Theorem 4.17. Suppose AN B = &. Then
ABC ~ AC x BC.

Proof <. We show AYBC < AC x BC.

feABcg4C = f:AUB—C

Thus f can be decomposed into two functions g: A =+ Cand h: B — C
given by

g=fNAxC
h=fNnBxC
and thus 4“BC < AC x BC [ ]

Proof »=. We show 4C x BC < AVBC.

(gh) e CxBC = g:A—->CAR:B—C.

Thus we can identify any (g,h) with gUh = f € 4YBC. Tt follows
AC X BC < AUBC.

Cantor-Berstein gives 4YBC ~ 4C x BC. ]
Theorem 4.18. (A x B) ~ €A x ©B.

Proof. We have f € ©(Ax B) = f:C — A x B and it is easy to see
we can identify this f with (g,h) € A x CB (and vice verse) using

f—(fNCxA, fNC x B).

We thus have (A x B) < “A x “B and (A x B) %= €A x “B. By
Cantor-Bernstein (A x B) ~ €A x CB. [ |

Theorem 4.19. €(BA) ~ BXCA.

Proof. Assignment 4. u
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Theorem 4.2o0.

1. KM =Mk

2. (KA)H = xH - AH,

3. (KMH = kM,
Proof. By the cardinal axiom there is A, B, C suchthat ANB=ANC =
BNC=@and x = |A|, A = |B|, and u = |C|.

1. gMH = |A||BUC\ — |BUCA| — |BA % CA| — KA-K”,

2. (kA)# =€ (A x B)| = |CA|-|°B| = «* - A¥, and

3. Assignment 4. |

We call the cardinal number 2 the power of the continuum since, as
we will see a little later, it is the cardinal number of the set of all real

numbers.
Definition 4.21. 2¢ is the power of the continuum.

Then we establish some basic properties of the power of the contin-

uum.
Theorem 4.22. 2% = 2% 4 2% = 2% .2« = (2¥)@,

Proof. Bounty. u

Rational Numbers

In section ??, we extend w to obtain our integers Z, where we defined
—n as (0,n) for all n > 0. We then defined <z by extending <, and
showed that <y is a strict order.

Now we wish to extend Z to get what we will use as Q, the set of
all rational numbers. There are many ways to do so, but all of them
result in isomorphic structures. We shall only concern ourselves with
extending <z to get a strict order on Q, and shall not take the time to
extend addition and multiplication to Q.

Definition 4.23 (Proper Fractions). Let F denote the set of proper frac-
tions.
F:={(ab) :bew\{0,1} NaecZ\{0}}.

Theorem 4.24. ZNF = @.

Proof. Exercise (easy). |
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We now define the set of Q of all rational numbers as the union of
these two sets.

Definition 4.25. Q :=Z U F.

If (a,b) € F, we could defined § to be (a,b), but we do not do so
since we will have no need for division.

Next we extend <z, our strict oder on Z, to Q:

Definition 4.26.

<gi=<zU{(a,(bc)) :acZ N (bc)€cQ\ZANac <zb}
u{((0,¢), )zanA( c) EQ\Z Ab <z ac}
U{((b,0), (1)) : (bc), (¥, ') €Q\Z N b <z b'c}.

Theorem 4.27. < is a strict order with no least and no greatest element.
Proof. Exercise. u
Theorem 4.28. Q is denumerable.

Proof. Q and w X w are equipotent via the bijection
fQ—=wxw

given by
(ap, ;) a= (ap,m) € F
f(a) = { (a,0) acZ!
(a,1) a € N.

So Q ~ w x w and since w X w ~ w we have Q ~ w and thereby Q is
denumerable by defintion. [ |

We wish to characterize <q as an ordering:

Definition 4.29 (Dense). Let R be a strict order. R is dense if and only if
VxVy (xRy = 3z : xRz A zRy) A |fld(R)| > 2.

Theorem 4.30. <q is dense.
Proof. Leta = (ag,a1),b = (bo, b1) € Q such that (ag,a1) <q (bo,b1) and

a,b > 0. Thus we have agb; < bpa; (ie. 2 < 0 = agby < boay).

ay

Claim. (The idea here is to show a < 22 < b.)

(ao, a1) <Q (albo + agby, 2a1b1) <Q (bo, b1)
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Notice
apby < bpay = apa1b1 < a%bo = 2apa1b1 < a%bo + apai1by
and thus (ag, a1) <q (a1bo + aob1, 2a1b1). Similarly
aghy < boay = apb? < aybgby = aboby + agh? < 2a1boby

and thus (a1bg + agb1, 2a1b1) <q (bo, b1) and the claim follows.

By repeating this proof two more times witha < 0,b > 0and a > 0,
b < 0 we can show Q is dense. [ |

Theorem 4.31. <q is a dense denumerable strict order with no <q-least

and no <q-greatest element.

Proof. Immediate consequence of Theorems 4.27, 4.28, and 4.30. ]

This Theorem 4.31 characterizes <g as we now show:

Theorem 4.32. If R and S are dense denumerable strict orders with no

least and no greatest element, then R and S are isomorphic.

Proof. Bounty. u

Moreover, <q is universal among countable strict orders.

Theorem 4.33. If A is countable and ordered by R then A can be em-
bedded in Q.

Proof. It suffices to show there exists an injective and homomorphic
function f : A — Q.

Notice A countable and ordered = A = {ap,a1,a,...}. Let us
show how to construct a homomorphic f : A — Q. First let f(ap) =0
and assume that f is homomorphic on

f:A{ao,...,an} — Q.

Thatis a; < a; < a, = f(a;) < f(a;).
We define f(a,+1) to maintain this property. Let

X={ae{a...,an} 1 a<ayu}

Y={aec{ay,...,an} :a>a,:1}

and notice, by design

x€ fIX] Ay € fIY] = f(x) <q f(y)
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Because Q is dense
dg € Q : sup(f[X]) < g < inf(f[Y]).

Letting f(a,) = q we see (a < a, = f(a) < f(a,)) and (a > a, =
fla) > f(an)).
Therefore f : A — Q defined by

for any ¢

sup(fl{a € {ao,...,an} : a <apu1}]) < g <inf(f[{a €{ao,..., a0} : a <ani1}])

is a homomorphic function from F : A X A into <q. [ |

For any strict order, we can define the closed interval [a,b] and the
open interval (a,b).

Definition 4.34. Let R be a strict oder.

la,b] = {{P : (aRp ANpRb)V (p=a)V (p=0>b)} whenaRbVa="b e fld(R)

%) otherwise

(a,b) {p : (aRp A pRb)} when aRb
a,b) =
%) otherwise

Theorem 4.35. Let R be an infinite strict order. If [a,b] is finite for all
a,b € fld(R), then R is isomorphic to <z or €, or &,,.

Exercise 4.36. Prove or refute: Let R be an infinite strict order. If (a,b)
is finite for all 4,b € fld(R), then R is isomorphic to <z or €, or &,,.

Real Numbers

We wish to construct the set R of all real numbers from the set Q or ra-
tional numbers by “filling in the gaps”. It turns out that this construction
can be applied to any strict order.

Definition 4.37. Let R be a strict order and let A = fld(R). Then (B, C)
is an ordered partition of A if and only if

(BUC=A)A(BNC=2)A(B#£2)A(C#2)
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AVyVz(y € BAz € C = yRz).

Definition 4.38. Let R be a strict order and let A = fld(R) and (B, C) be
an ordered partition of A.

1. (B,C)isajump <= (B contains an R-last element and C contains
an R-first element),

2. (B,C) is a Dedekind cut <= Vz((zis an R-infimum of ¢) —
z € C).

Definition 4.39. Let R be a strict oder and A = fld(R).

1. Let B C A. The B is dense in A when

VaVz(xRz = 3y : y € B A xRy A yRz)

2. A is Dedekind-complete if and only if every non-empty subset E of A
which has an R-upper bound also has an R-least upper bound (an
R-supremum).

Theorem 4.40 (Dedekind-completion of Q). There is a Dedekind-completion
strict order S with no S-first or S-last element such that,

1. Q C fld(S) and <@C S and S agree on Q, and
2. Qs dense in fld(S).

E = fld(S) is unique up to isomorphism; that is, if S; and S, are
two such relations with E; = fld(S1) and E; = fld(S;), then there is an
isomorphism & between E; and E; such that h(a) = a for all a € Q.

Definition 4.41 (Real Numbers). Let R, called the set of real numbers,
be the set E constructed in Theorem 4.40, and <R be the relation S
constructed there.

Theorem 4.42. |R| = 2%.

Proof. Assignment 4. u
Theorem 4.43. |R x R| = 2¢.

Proof. Exercise. |
Theorem 4.44. n #0 = |"R| =2%.

Proof. Bounty. u
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Theorem 4.45. |“R| = 2%.
Proof. Exercise.
Theorem 4.46. A is countable =— |R\ A| = 2“.

Proof. Bounty.

89



Well-Orderings and Ordinal Number

This chapter continues the development which began with the definition
of well-ordering (§??) and with Chapter 3 on the natural numbers.

Initial Segments

Throughout this section we assume that “less than” < is a strict partial
order on a set A; we extend < to “less than or equal to” by

Definition 5.1 (<). Vx, y € A; x <y <= (x<yVx=y).

Definition 5.2 (Initial Segment). Let B C A. Then B is an initial segment
of A ifand only if B C A and

VaVy, (y€e BAx<y) = x € B.

Theorem 5.3. If < well-orders A and B is an initial segment of A then
JneA:B={y:yecANy<a}.

Proof. Since < is a well-order
Jae A:a=min(A\B)
We have a ¢ B so it follows

a =min(A \ B)
< (Vx€ A\ B; x >a)
— (Wx€e A, x¢B = x>a)
<— (Vx€ A, x<a = x E€B).

Thus {y € A:y < A} CB.

90
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Moreover, by definition,

yeB = (Vxe€e A, x<y = x€B)
— (VW€ A, x¢B = x>y)
Notex ¢ B = x # y so
— (Vx€ A, x¢B = x>y)
— a>y
— ye{y:yeBAy<a}
— ye{y:ye ANy <a}

Thus BC {y : y € A Ay < a} and the result follows. [
Exercise 5.4. Prove or refute.

1. Suppose < is a strict partial order but is not connected. Then there
is some initial segment B of A = fld(<) such that

Vac A(B#{x:x€AANx<a}).

2. For every C with at least 4 elements, there is some strict partial
order R with fld(R) = C and some initial segment B of C such that

Vae C;B# {x:x€CAxRa}.

3. There is some C and some R such that R orders C, and there is

some initial segment B of C such that

Vae C; B# {x : x€ CAxRa}.

Definition 5.5. f : A — A is said to be increasing when
Vx,ye A;x <y = f(x) < f(y).

Theorem 5.6. If < well-orders A and f : A — A is increasing, then
Vx e A(x < f(x)).

Proof. Assume the premise, let X = {x € A : f(x) < x}, and towards a
contradiction assume X # &. Because A is well ordered X must have a
least element (say) z where f(z) < z.
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Notice because f is increasing

f(z) <z = f(f(2)) < f(2)

Thereby f(z) < z satisfies the property for which z was assumed mini-
mal. 4 [ |

Exercise 5.7. Any isomorphism A ~¢ B must preserve the well ordering.
In particular f(min(A)) = min(B).

Theorem 5.8. Let < well-order A. Then,
1. no initial segment of A is isomorphic to A,
2. A has only one automorphism, the identity function on A,

3. if A and B are isomorphic and well-ordered, then the isomorphism
between A and B is unique.”

Proof of 1. Assume < well-orders A and, towards a contradiction, as-
sume there is some a € A such that

A~p{xeA:x<a}

(i.e. that A is isomorphic to some initial segment of itself).

Consider B = {x : x # f(x)} and let m = min(B). As f(m) # m we
have either f(m) < m or m < f(m).

Case: f(m) <m

flm) <m = f(f(m)) = f(m) = f(m)=m ;.

Case: m < f(m)
Let f(a) = m and notice a > m otherwise f(a) = a.

a>m = f(a) > f(m) = m> f(m) 4

Thus we must have f(m) = m which contradicts our original assump-
tion. The result follows. |

Proof of 2. Assume towards a contradiction there is f such that A ~¢ A
and f is not the identity. Thereby we have B = {x : x # f(x)} # @ and

can use the same argument as 1. u

'This is sometimes referred to as the “rigidity lemma.”
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Proof of 3. Suppose, towards a contradiction, that
A~gBANA=gBAf#g.

Let A:=A1UAy ={a: f(a) =g(a)} U{a : f(a) # g(a)} and notice
1. Ay # O because by Exercise 5.7
2. Ay # @ because f # g, and f(min(A)) = g(min(A)).
Let B := f(A1) and note by definition that f(A;) = g(A;). We have that
f(min(A;)) = min(B\ By) = g(min(A)).
But by definition f(a) # g(a) fora € Aj. 4 [

Theorem 5.9. Let R well-order A, and S well-order B. Then exactly one
of the following conditions is true:

1. A is isomorphic to B,
2. A is isomorphic to an initial segment of B,
3. B is isomorphic to an initial segment of A.

Exercise 5.10. Prove or refute. Let < well-order A, and B C A. Then B is
well-ordered by <p and is isomorphic to an initial segment of A.



m Axiom of Choice

This axiom was once controversial, but plays an important role in branches
of mathematics.

Definition 6.1 (Choice Function). B has a choice function <= there is
some function f with f(z) € z for every non-empty z with z € B.

Example 6.2. Let {{1,4,7}, {9}, {2,7}} then a choice function f is given
by

f{L4,7}) =7 f{91) =9 f{2,73) =2

Theorem 6.3. Every finite set has a choice function.

Proof. Let B be an arbitrary finite set. We have then that B is countable
and can be written
B ={So, S1,...,54}

for some n € IN. Proceeding with the PMI let
Y(n) <= B ={Sp,...,Sy} has a choice function.

Notice {So} trivially has a choice function because Sp # @ = Is € Sy
so we can let the choice function be given by f(Sp) = s.

Consider B = {Sp,...,Su,Su+1}, let f be the choice function on
{So,...,Su} ensured by ¥(n), and note S,,11 # @ = Is € S,41.
Thus

fr=FfU{(Sns1,9)}

is a choice function for B. [ |

Note the proof for the above uses induction over n so does not prove
there are choice functions for infinite sets (only arbitrary large finite
sets).

94
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Theorem 6.4. B can be well-ordered <= P(B) has a choice function.

—> . Assume B is well-ordered which means any nonempty subset of
B has a least element. Thereby the function

f:PB)\{o} > B
x — min(x)
is a choice function for P(B). [ |

<= . Assume P(B) has a choice function f : P(B) \ {@} — B. We can
build a well-ordering by < by < by - -- from f as follows.

bo = f(B)
by = f(B\{bo})
by = f(B\{bo,b1})

b, :f(B \ {bo,...,bnfl})

Definition 6.5. If A is a function, then A; is defined to be A(i), provided
thati € dom(A).

We now define union, intersection, and Cartesian product over such
an index set I:

Definition 6.6. Let I C dom(A), where A is a function:
1. Uit Ai=U{A; i€},
2. Nie;Ai=N{A; 1 iel},
3. Tlier A= 1f - dom(f) = [ AVi(i€ I — f(i) € A)}.
Then [;c; A; is called the Cartesian product of {A; : i € I}.
As an aside, notice that [];c(o 1y A; is not generally equal to A X A;:

Exercise 6.7. There are sets Ag and A; such that

I_I AZ‘#A()XAL

i€{0,1}

However, we have the following:



Theorem 6.8. For every Ag and A,

H Ai ~ Ao X A1.
ie{0,1}

We now state the following Axiom of Choice but we do not yet assume
it:
Axiom 7 (AC). Every set has a choice function.
Theorem 6.9. The following are equivalent:

1. the axiom of choice,
2. every set can be well-ordered,

3. HAZ'#Q < Viel(Ai#Q).
i€l
Theorem 6.10. The following are equivalent:

1. the axiom of choice,

2. The Maximal Principle. Let <4 be a strict partial order on a set
A. Let B be a subset of A such that <, is a strict order on B. Then
there exists an C-maximal subset C of A such that B C C and <4
is a strict order on C.

We now give some consequences of the axiom of choice that cannot

be proved from our other axioms alone:

Theorem 6.11. The axiom of choice implies that the following are equiv-

lanet:
1. B is infinite,
2. w=<B.

Theorem 6.12. The axiom of choice = (the union of a countable set
of countable sets is countable).

Theorem 6.13. The axiom of choice = (the set R of all real numbers
is not countable union of countable sets).

Theorem 6.14. The axiom of choice = (every vector space has a
basis).
Theorem 6.15. The axiom of choice = (there is a function f : R — R

such that, forall x,y € R, f(x +vy) = f(x) + f(y) but f(x) is not linear).

For all continuous real functions, if f(x+y) = f(x) + f(y) for all x,y,
then f(x) = kx for some constant k.
And they lived happily ever after...



